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bJQ| All consistent interactions in five spacetime dimensions that can be added to a free BF-type 

model involving one scalar field, two types of one-forms, two sorts of two-forms, and one three- 
' form are investigated by means of deforming the solution to the master equation with the help 

ly-j . of specific cohomological techniques. The couplings are obtained on the grounds of smoothness, 

locality, (background) Lorentz invariance, Poincare invariance, and the preservation of the number 
t— I • of derivatives on each field. 
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qq ! 1 Introduction 

o : 

The power of the BRST formalism was strongly increased by its cohomological development, which 
allowed, among others, a useful investigation of many interesting aspects related to the perturbative 
renormalization problem ^ |!3 El lU 03 , anomaly-tracking mechanism (SJ H3 El El H3 El > simultaneous 
study of local and rigid invariances of a given theory as well as to the reformulation of the 
construction of consistent interactions in gauge theories |121 1131 1141 1151 116j in terms of the deformation 
theory |171 1181 1191 1201 121j . or, actually, in terms of the deformation of the solution to the master 
J> . equation. 

The main aim of this paper is to construct the consistent interactions in five spacetime dimensions 
that can be added to a free BF-type model |22]j involving one scalar field, two types of one-forms, two 
sorts of two- forms, and one three- form by means of deforming the solution to the master equation 
with the help of specific cohomological techniques. Interacting topological field theories of BF-type 
are important in view of their relationship with Poisson Sigma Models, which are known to explain 
interesting aspects of two-dimensional gravity, including the study of classical solutions (23 EU H3 
113 [271 113113113 ED]- Various aspects of BF models can be found in |S21 ESI EH ES] The present 
paper extends our former Hamiltonian results |37[ I38j on BF-type models. 

The couplings are obtained on the grounds of smoothness, locality, (background) Lorentz invari- 
ance, Poincare invariance, and the preservation of the number of derivatives on each field. The starting, 
free BF model possesses Abelian gauge transformations, which are off-shell, third-order reducible. The 
entire Lagrangian formulation of the interacting theory is obtained from the computation of the de- 
formed solution to the master equation, order by order in the coupling constant g. Thus, the first-order 
deformation of the solution to the master equation is parametrized by seven arbitrary, smooth func- 
tions of the undifferentiated scalar field. The consistency of the deformation procedure at order g 2 
imposes some restrictions on the above mentioned functions, which lead to three kinds of interacting 
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models that are in a way complementary to each other. In all situations the fully deformed solution 
to the master equation that is consistent to all orders in the coupling constant stops at order one in 
g. Related to the three types of interacting BF theories, all of them describe a deformed model with 
an open gauge algebra, which closes on-shell (on the stationary surface of deformed field equations). 
At the level of reducibility relations, the first coupled model possesses on-shell first- and second-order 
reducibility relations, the second interacting theory exhibits on-shell reducibility relations to all (the 
three) orders, while in the last situation only the first-order reducibility relations close on-shell. 

The paper is organized into six sections. Section |2] introduces the model to be considered and 
constructs its free Lagrangian BRST symmetry. Section El briefly reviews the procedure of adding 
consistent interactions in gauge theories based on the deformation of the solution to the master equa- 
tion. In Sec. B]we construct the Lagrangian interactions for the starting free system in five dimensions 
by solving the deformation equations with the help of standard cohomological techniques. Section 
discusses the resulting interacting models and Sec. Upends the paper with the main conclusions. The 
paper also contains seven Appendix sections including various aspects mentioned in the main text. 

2 Free BRST differential 

We start from a free, five-dimensional BF-like theory involving one scalar field tp, two types of one- 
forms H p and A^, two sorts of two- forms B piJ and 4>^vi an d one three- form K^p 

5 L [<p, H, A, B, <j>,K] = J d 5 x {H^ip + \B^d { pA v] + \K^d {il 4> up] ) . (1) 

Action Q is found invariant under the gauge transformations 

S^A* = d^e, S^H" = 2d u e^, = 0, (2) 

S^B^ = -3d p e^<>, 6 e ^pu = d^] , S^K^" = 4d A £^\ (3) 

where the gauge parameters e, e^ v ', e^ vp , and ^ u p x are bosonic, with e pu , e^P, and completely 
antisymmetric. By means of ©-© we read the nonvanishing gauge generators (written in De Witt 
condensed notations) 

(Z ( %) = ^, (Z» H) U = -d [a 5^ (Z^U, = -\d [a 5^ Y (4) 

where we put an extra lower index (A), (H), etc., in order to indicate with what field is a certain gauge 
generator associated. Everywhere in this paper we understand that the notation [a(5 ... 7] signifies 
complete antisymmetry with respect to the Lorentz indices between brackets, with the conventions 
that the minimum number of terms is always used and the result is never divided by the number 
of terms. The above gauge transformations are Abelian and off-shell, third-order reducible. More 
precisely, the gauge generators of the one-form H p are third-order reducible, with the first-, second-, 
and respectively third-order reducibility functions 

(Zf)^ = -|^'^p (^ VP 'W 7 '<5' = 4v$<^> ( 6 ) 

r rya'B'j'S's 1 a xa ' j-B' cV X S' fr,\ 

(Z 3 VW'A'V = -24°V' °v" V "A" d CT "]' \'> 
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the gauge generators of the two-form B^ v are second-order reducible, with the reducibility functions 

{Zf)wx> = -ify##*I<]> (zt' P ' X 'U~ ( 6e = -±d [a 5$ 8^ 5»; 8% (8) 

while the gauge generators of the two-form (j) pu and of the three-form K^ vp are first-order reducible, 
with the corresponding reducibility functions respectively of the form 

(Zf ) = ff*, (^),vvav = • (9) 

The concrete form of the reducibility relations written in condensed De Witt notations are expressed 
as follows. The first-order reducibility relations are 

(Zfo) a p(Zi ) M / V y = 0, (Z^ ) ) a/37 (Z° /37 ) M / i/ / p / A / = 0, (10) 

(ZgJ)«(Z?) = o, (zJp aW (z^) AVAV = 0, (11) 

the second-order ones read as 

i^l^)fi'v'p'(^2 " P )a'p'-y'5' = 0, (Z^ 1 ) p i u / p i X i (Z% " P A ) a/ 3 7 5 e = 0, (12) 

while the third-order reducibility relations can be written as 

(Zg V P )a'/3'-y'5'(Z^ ^ 7 5 ) p " u " p" X" a" = 0. (13) 

We observe that the BF-like theory under study is a usual linear gauge theory (its field equations 
are linear in the fields and first-order in their spacetime derivatives), whose generating set of gauge 
transformations is third-order reducible, such that we can define in a consistent manner its Cauchy 
order, which is found to be equal to five. 

In order to construct the BRST symmetry of this free theory, we introduce the field/ghost and 
antifield spectra 

= (a^h^^b^,^,^), = {a^h;^\b; v ,k; vp ,^) , (u) 

rf* = (v, iT'i ^ vp \ c,) , r,* ai = (t?*, c; u , v ; up , g; upX , c* p ) , (15) 

v a 2 = (c»u Pi rrP x t g^ P xa ) ^ } ^ = ( C * upi r,; upX ,g; upXa , c*) , (ie) 

v « 3 = (c^px ^vpxo^ > ^ = ( C ; upX ,^ upXa ) , (17) 

rT = (C^) , r/* 4 = (c; vpXa ) . (18) 

The fermionic ghosts r/ ai respectively correspond to the bosonic gauge parameters e ai in l(2* ]) -(|3" |) . the 
bosonic ghosts for ghosts rj a2 are due to the first-order reducibility relations (|l()|) - (|llj) . the fermionic 
ghosts for ghosts for ghosts r/° 3 are required by the second-order reducibility relations (|12j) . while 
the bosonic ghosts for ghosts for ghosts for ghosts rj a4 are imposed by the third-order reducibility 
relations (|13|) . The star variables represent the antifields of the corresponding fields/ghosts. Their 
Grassmann parities are obtained via the usual rule e (x%) = ( £ (x A ) + l) niod 2, where we employed 
the notations 

Since both the gauge generators and the reducibility functions are field- independent, it follows 
that the BRST differential reduces to s = 5 + 7, where 5 is the Koszul-Tate differential, and 7 means 
the exterior longitudinal derivative. The Koszul-Tate differential is graded in terms of the antighost 
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number [agh, agh (5) = — 1, agh (7) = 0] and enforces a resolution of the algebra of smooth functions 



defined on the stationary surface of field equations for the action ((J), C°° (£), £ : SSq/SQ 00 = 0. 
The exterior longitudinal derivative is graded in terms of the pure ghost number [pgh, pgh(7) = 1, 
pgh (<5) = 0] and is correlated with the original gauge symmetry via its cohomology in pure ghost 
number zero computed in C°° (£), which is isomorphic to the algebra of physical observables for this 
free theory. These two degrees of the generators H14|H(|18j) from the BRST complex are valued like 

pgh = 0, pgh (77 *) = k, pgh ($* Q ) = 0, pgh (77* J = 0, (20) 

agh = 0, agh (rf *) = 0, agh ($*J = 1, agh (77* J =k + l, (21) 

for k = 1,4. The actions of the differentials 5 and 7 on the above generators read as 

5<f> a ° = 0, 5r] ak =0 (k = T74), (22) 

8Al = -d»B^ 5H; = -d^, 6<p* = d' i H„ ^ = -19^, (23) 
6</>% = &'K IM/p , 5K; vp = -\d { ^ up] , (24) 
<V = -^*, 5C% = \H* v] , ^ p = ^ p] , (25) 

5c; = 2d»<j>*^ sg; vpX = d [fl K* upX] , 5c; up = -d [p c; p] , (26) 
Ku P x = -W P xv sc* = d»c;, 5g; upXa = -d [p g; pXa] , (27) 

SCpupX = ^[^tp\]i ^pupXa = d[pVtp\ a ]> SCpvpXa = "^C*^ , ( 28 ) 

7^ =0, 7< fc =0 (fc = M), (29) 

7^ = ^77, 7^ = 2d v C» v , -yB^ = -W p jf vp , 7^ = 0, (30) 

7<^ = Vv]> 7A^ = 49 A ^ A , 7*7 = 0, 7 C^ = -3a p C^, (31) 

7?? ^p = 4d x rf vpx , -iC^ = d^C, ^g pvpx = -5d a G^ upXa , (32) 

7C m^p = ±d x C^ pX , ~irf vpx = -^d a rf vpx \ = - f g pupx ' 7 = 0, (33) 

7 C pupx = -hd a C^ px \ lv pupXa = 0, 7 ^^ Act = 0. (34) 



The overall degree that grades the BRST complex is named ghost number (gh) and is defined like 
the difference between the pure ghost number and the antighost number, such that gh(5) =gh(7) = 
gh(s) = 1. 

The BRST symmetry admits a canonical action s- = (•, S 1 ) , where its canonical generator [gh (5) = 
0, e (5) = 0] satisfies the classical master equation (5, 5) = 0. The symbol (, ) denotes the antibracket, 
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defined by decreeing the fields/ghosts conjugated with the corresponding antifields. In the case of the 
free theory under discussion, the solution to the master equation takes the form 

s = s L + j <fx [a^v + 2H;d u c^ - w; u d p ri^ + cp*^d [fl C u] + 

+ AK; up d x g^ x - sc; u d p c^p + 4 V ; up d xV ^ - 5g; upX d a g^+ (35) 

+C*^C + AC; up d x C^ x - 5 {r,% pX d a rr pM + C^ pX d a C^)' . 

The solution to the master equation encodes all the information on the gauge structure of a given 
theory. We remark that in our case the solution (|35|) to the master equation breaks into terms with the 
antighost number ranging from zero to four. Let us briefly recall the significance of the various terms 
present in the solution to the master equation. Thus, the part with the antighost number equal to zero 
is nothing but the Lagrangian action of the gauge model under study. The components of antighost 
number equal to one are always proportional with the gauge generators [in this situation id))-©] ■ If 
the gauge algebra were non-Abelian, then there would appear terms linear in the antighost number 
two antifields and quadratic in the pure ghost number one ghosts. The absence of such terms in our 
case shows that the gauge transformations are Abelian. The terms from (J35J1 with higher antighost 
number give us information on the reducibility functions If the reducibility relations held 

on-shell, then there would appear components linear in the ghosts for ghosts (ghosts of pure ghost 
number strictly greater than one) and quadratic in the various antifields. Such pieces are not present 
in (JHSJ), since the reducibility relations l|lfljl - l)13J) hold off-shell. Other possible components in the 
solution to the master equation offer information on the higher-order structure functions related to 
the tensor gauge structure of the theory. There are no such terms in (|35j) , as a consequence of the fact 
that all higher-order structure functions vanish for the theory under study. 



3 Deformation of the master equation: a brief review 



We begin with a "free" gauge theory, described by a Lagrangian action So [$ a °], invariant under some 
gauge transformations 

5^ = ZZ^\ ^ZX=0, (36) 

and consider the problem of constructing consistent interactions among the fields <J? a ° such that the 
couplings preserve the field spectrum and the original number of gauge symmetries. This matter is 
addressed by means of reformulating the problem of constructing consistent interactions as a defor- 
mation problem of the solution to the master equation corresponding to the "free" theory |17| I18j . 
Such a reformulation is possible due to the fact that the solution to the master equation contains all 
the information on the gauge structure of the theory. If a consistent interacting gauge theory can be 
constructed, then the solution S to the master equation associated with the "free" theory, (S, S) = 0, 
can be deformed into a solution S, 

S -» 5 = S + gS 1 + g 2 S 2 + ■■■ = 

= S + g [ d D xa + g 2 [ d D xb+ ■■■ , (37) 



of the master equation for the deformed theory 

(S,S)=0, (38) 
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such that both the ghost and antifield spectra of the initial theory are preserved. The equation (jSHJ 
splits, according to the various orders in the coupling constant (or deformation parameter) g, into 



[s,s)=o, 

2(S 1 ,S)=0, 
2(S 2 ,S) + (S l ,S 1 )=0, 
(S 3 ,S) + (S 1 ,S 2 ) = 0, 



(39) 
(40) 
(41) 
(42) 



The equation ()39j) is fulfilled by hypothesis. The next one requires that the first-order deformation 
of the solution to the master equation, Si, is a cocycle of the "free" BRST differential s- = (-,S). 
However, solely cohomologically nontrivial solutions to (|1U)) should be taken into account, as the 
BRST-exact ones can be eliminated by some (in general nonlinear) field redefinitions. This means 
that Si pertains to the ghost number zero cohomological space of s, H° (s), which is generically 
nonempty due to its isomorphism to the space of physical observables of the "free" theory. It has 
been shown in |17l I18j (on behalf of the triviality of the antibracket map in the cohomology of the 
BRST differential) that there are no obstructions in finding solutions to the remaining equations 
[ (|41[) - (|42jh etc.]. However, the resulting interactions may be nonlocal, and there might even appear 
obstructions if one insists on their locality. The analysis of these obstructions can be done with the 
help of cohomological techniques. As it will be seen below, all the interactions in the case of the model 
under study turn out to be local. 



4 Determination of consistent interactions 



In this section we determine all consistent interactions that can be added to the free theory that de- 
scribes a topological BF-type model in five spacetime dimensions. This is done by means of solving the 
deformation equations ([40j) - (j42ft . etc., by means of specific cohomological techniques in the presence of 
certain hypotheses to be discussed below. The interacting theory and its gauge structure are deduced 
from the analysis of the deformed solution to the master equation that is consistent to all orders in 
the deformation parameter. 



4.1 Standard material: H (7) and H (S\d) 

For obvious reasons, we consider only smooth, local, (background) Lorentz invariant, Poincare invari- 
ant quantities (i.e., we do not allow explicit dependence on the spacetime coordinates), and, moreover, 
require the preservation of the number of derivatives on each field with respect to the free theory. The 
smoothness of the deformations refers to the fact that the deformed solution to the master equation 
(|37j) is smooth in the coupling constant g and reduces to the original solution (|35|) in the free limit 
(g = 0). If we make the notation S\ = f d 5 xa, with a a local function, then the equation (|40[) . which 
we have seen that controls the first-order deformation, takes the local form 

sa = d^, gh(a) = 0, e (a) = 0, (43) 

for some local m^, and it shows that the nonintegrated density of the first-order deformation pertains 
to the local cohomology of s in ghost number zero, a G H° (s\d), where d denotes the exterior spacetime 
differential. The solution to the equation (|4*3*|) is unique up to s-exact pieces plus divergences 

a-> a + sb + dfj.n", gh (&) = -!, £ (b) = 1, gh(n^) = 0, e(n fl ) = 0. (44) 
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At the same time, if the general solution of (|43|) is found to be completely trivial, a = sb + d^n^, then 
it can be made to vanish a = 0. 

In order to analyze the equation (j43[) . we develop a according to the antighost number 

a = ^ai, &gh(ai)=i, gh(a;) = 0, e (a*) = 0, (45) 
i=i 

and assume, without loss of generality, that the decomposition (|4"S1 stops at some finite value of 
/. This can be shown, for instance, like in [SHj (Section 3), under the sole assumption that the 
interacting Lagrangian at the first order in the coupling constant, ao, has a finite, but otherwise 
arbitrary derivative order. Inserting the decomposition ()45|) into the equation (|43j) and projecting it 
on the various values of the antighost number, we obtain the tower of equations 

(if 

7a/ = d^ m , (46) 
(i-if 

oa/ + 7a/_i = m , (47) 
(i-if 

5ai + 7aj_i = m , 1 < i < I — 1, (48) 
where I m ) are some local currents with agh m ) = i. The equation (J46J) can be replaced in 



\ / i=o,i \ / 

strictly positive values of the antighost number by 

7a/ = 0, / > 0. (49) 

The proof of this statement is done in Corollary IA. II from the Appendix Due to the second-order 
nilpotency of 7 (j 2 = 0), the solution to the equation is clearly unique up to 7-exact contributions 

a/^a/ + 7 5/, agh (6/)=/, pgh(6/) = /-l, e(6j) = l. (50) 

Meanwhile, if it turns out that a/ exclusively reduces to 7-exact terms, a/ = 76/, then it can be made 
to vanish, a/ = 0. In other words, the nontriviality of the first-order deformation a is translated at 
its highest antighost number component into the requirement that aj S H 1 (7) , where H 1 (7) denotes 
the cohomology of the exterior longitudinal derivative 7 in pure ghost number equal to I. So, in order 
to solve the equation (|l3*|) [equivalent with (fl9"|) and (|4TI) - H48|) ]. we need to compute the cohomology 
of 7, H (7), and, as it will be made clear below, also the local homology of 5, H (S\d). 
On behalf of the definitions (|29 |) - ()34j) it is simple to see that H (7) is spanned by 

F A = L^A^^H^d^^^d^") , (51) 



by the antifields x*a from (fT§|) . by all of their spacetime derivatives, as well as by the undifferentiated 
ghosts 

r? T = U C, g^, v ^, C ^ pXa ) . (52) 



[The derivatives of the ghosts r/ T are removed from H (7) since they are 7-exact, in agreement with 
the first relation in (|3U|) . the second formula in ()32j) . the last equation in (|32|) . the second relation 

in (|33j) . and the first definition from (|34j) .] If we denote by e M (jlj t ne elements with pure ghost 

number M of a basis in the space of the polynomials in the ghosts (|52ft . it follows that the general 
solution to the equation ()49|) takes the form 



ai 



<*i([F A ] ,[XA])e 7 (r? T ), (53) 
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where agh (a/) = I and pgh (e 7 ) = /. The notation f([q\) means that / depends on q and its spacetime 
derivatives up to a finite order. The objects a\ [obviously nontrivial in H° (7)] will be called "invariant 
polynomials". The result that we can replace the equation (|46j) with the less obvious one (|49|) is a 
nice consequence of the fact that the cohomology of the exterior spacetime differential is trivial in the 
space of invariant polynomials in strictly positive antighost numbers. For more details on invariant 
polynomials, see the Appendix El 

Inserting (|5.3|) in (|47|) we obtain that a necessary (but not sufficient) condition for the existence of 
(nontrivial) solutions a/_i is that the invariant polynomials aj are (nontrivial) objects from the local 
cohomology of Koszul-Tate differential H (S\d) in antighost number I > and in pure ghost number 
zero, 

(i-lf f(J-if\ f(i-if\ 

<5a/ = dp j , agh I j I =1-1, pgh j j = 0. (54) 

We recall that the local cohomology H (5\d) is completely trivial in both strictly positive antighost and 
pure ghost numbers (for instance, see jlU], Theorem 5.4, and |U). Using the fact that the BF model 
under study is a linear gauge theory of Cauchy order equal to five and the general result from |4L)l 141 j . 
according to which the local cohomology of the Koszul-Tate differential at pure ghost number zero is 
trivial in antighost numbers strictly greater than its Cauchy order, we can state that 

Hj{5\d)=0 for all J > 5, (55) 

where Hj (S\d) represents the local cohomology of the Koszul-Tate differential in antighost number J 
and in zero pure ghost number. Moreover, if the invariant polynomial aj, with agh (aj) = J > 5, is 
trivial in Hj (5\d), then it can be taken to be trivial also in Hj™ (5\d) 

aj = 5b J+1 + 8^ c , agh (aj) = J > 5 =>• aj = 5P J+1 + 7 , (56) 



with both and 7 invariant polynomials. Here, flj lv (<5 1 cZ) denotes the invariant characteristic 
cohomology in antighost number J (the local cohomology of the Koszul-Tate differential in the space 
of invariant polynomials). [An element of Hf" (S\d) is defined via an equation of the type (|54ft . but 
with ai and the corresponding current invariant polynomials.] The result (|56|) is proved in detail in 
Theorem IB . 1 1 from the Appendix El It is important since, together with (|55[) . ensures that the entire 
invariant characteristic cohomology in antighost numbers strictly greater than five is trivial 

HJ V (S\d) = for all J > 5. (57) 

The nontrivial representatives of Hj (S\d) at pure ghost number zero and of Hj™ (S\d) for J > 2 
depend neither on (d^A u \ d^, d^B^ , d { ^ vp] , d p K^ u P) nor on the spacetime derivatives of -F4 
defined in (J51|) . but only on the undifferentiated scalar field (p. With the help of the relations (|23|) - 
(|28|) . it can be shown that both (S\d) at pure ghost number zero and (S\d) are generated by 
the elements 

dW d 2 W 
dip ^ pXa + dip 2 

+ % + c u ) + ^ c u + (58) 



d b W 

» v p x a ' 
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where W = W (ip) is an arbitrary, smooth function of the undifferentiated scalar field ip. Indeed, 
direct computation yields 

6 (W) pvpXa = -dfr ( W Kxa] , agh ((W) vpXa ) = 4, (59) 
where we made the notation 

dW „ d 2 W / * , \ 

d 3 W d 4 W ^ 

I u* u* n* i u* u* u* u* 

Using again the actions of 5 on the BRST generators, it can be proved that both (5\d) at pure 
ghost number zero and (S\d) are spanned by the elements (W) x given in 1|6U|) and by the 
undifferentiated antifields rj* XrT [the second definition in (|28j)] . Related to (W) pi/pX , we have that 

<* 0*V P A = d { „ (W) upX] , agh ((W) upX ) = 3, (61) 
where we employed the convention 

dW #W d 3 W 



( w )pu P ~ -J~ C Up + XtTO + -J^ H *p H v H *p- ( 62 ) 



(^V = ^T^ + ^W" (64) 



On account of the same arguments, it can be shown that the generators of the spaces #3 (5\d) at 
pure ghost number zero and (S\d) are exactly (W) expressed by (|62|). as well the undifferen- 
tiated antifields rj^ x , G pup \ a , and C* [see the formula l|27jl]. For the first element, straightforward 
calculations produce 

$ (W) pup = ~d [p (W) up] , agh {{W) vp ) = 2, (63) 

where we used the notation 

dW r * d 2 W 
dip v dip 2 

Finally, it can be proved that the spaces H2 (S\d) at pure ghost number zero and (5\d) are spanned 
by (W) pu defined in and by the undifferentiated antifields r]p Up , Gl vp \, C*, and rf [see the first 
and last relations in (|25j). as well as the first two definitions from ()26|)]. Concerning (W) , simple 
computation leads to 

HW) lu , = d bl (W) v] , agh((W)J = l, (65) 

with 

dW 

dip 

In contrast to the spaces (Hj (S\d)) J>2 and (flj lv j >2 , which are finite-dimensional, the cohomol- 
ogy i?i (S\d) at pure ghost number zero, that is related to global symmetries and ordinary conservation 
laws, is infinite-dimensional since the theory is free. Fortunately, it will not be needed in the sequel. 

The previous results on H (5\d) and H mv (5\d) in strictly positive antighost numbers are important 
because they control the obstructions to removing the antifields from the first-order deformation. More 
precisely, we can successively eliminate all the pieces of antighost number strictly greater that five 
from the nonintegrated density of the first-order deformation by adding solely trivial terms, so we can 
take, without loss of nontrivial objects, the condition I < 5 in the decomposition (|45[). The proof of 
this statement is contained in the Appendix|0 In addition, the last representative is of the form (|53|) . 
where the invariant polynomial is necessarily a nontrivial object from (S\d). 



(*% = —K- (66) 
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4.2 First-order deformation 

Using the results stated in the previous subsection, we can assume that the first-order deformation 
stops at antighost number five (/ = 5) 

a = ao + at + d2 + as + a 4 + as, (67) 

where as is of the form Q53|) . with as from H™ (5\d) [elements of the form ()58[) . generated by arbitrarily 



smooth functions, exclusively depending on the undifferentiated scalar field ip] and e 5 yl^j denoting 
the elements with pure ghost number five of a basis in the space of the polynomials in the ghosts r/ T 

e 5 : {r]C^ pXu , Crf vpXo ', 7 ? C£ Ml/pA<T , r} g^P^g»'v'p / X°\ V CC, jft^g^v^'^ . (68) 

In order to couple Q58JI to the last three elements from (|68(1 like in (j53|) we need some completely anti- 
symmetric constants, which, by covariance arguments, can only be proportional with the completely 
antisymmetric five-dimensional symbol, £fj, U pXa- Thus, the most general (manifestly covariant) form 
of the last representative from the expansion (|67[) is given by 

- (m)^ pXa r,g^g a ^ Ss - 1 {W,) aM5£ V CC + (69 ) 



where each of the elements \(Wk) ^ upXa j ^ is expressed like in (|58j). being generated by an arbitrary 

smooth function of the undifferentiated scalar field, Wk (jp). 

Inserting into the equation (|47JI for 1 = 5 and using the definitions l|22j ) — (|H4j ) . after some 
computation we obtain the piece with antighost number equal to four from the first-order deformation 
like 

"4 = (Wi)^ (5^C"^ Act - ^CT^) - (W 2 )^ (sC^^ + Cr/^ A ) + 
+ (Wa)^ (±A a Cg» vpx ° + 4^^^ - r/C^ A ) + 

+ ^ 7fe [- ((wy^ A^gr*** - 2 (w 4 )^ A ^ pA ) g aPlS£ + 

+ h (V* W A e] C-2 (W,) [aMS C £]V ) C+ 
+ 2 (Vi W B^j + (Wi)^ ^ + + ^i^pA.) (70) 

+ 2 ((w 3 )^ B* Xa] + (w 3 )^ v ; Xa] + ^h^; pX(7] + w 3V ;„ p ^ cg^ x °- 
: G^ pX °g a ^s - h ((W 5 ) [a ^B* £] + (w 5 ) [a0 r,; S£] + 



- 2e 



+^H( aV ; jSe] + w 5V * a ^ cc 
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Here and in the sequel (Wfc) A , {Wk) , and (Wfc) are written like in I|fi2j). and respectively 
(jnij, with W ((/?) replaced by the corresponding (<£>)• 

From now on we will need the relations (jfi^j) . and (|65j) . Substituting the solution (|7()jl into 

the equation ()48j) for i = 4 and employing the same definitions like before, we derive the terms of 
antighost number three from the first-order deformation as 



a 3 = -(Wi) 



2 (Vi V b; x] + + Wx^ p a) c^ pA - (^W <^]V^ A ° 



+ e 



a(3-ySe 



(W 3 ) [pi/p A ^ + 2 ^ 3 W ^a] + 2-^Hfaf vpX] + 2W 3 ^ pA J C- 
- (w 3 ) { ^ p c x]V ] + (W S ) W r / CK^+ 

-2(^4)^^^^+ 



+ ST UWs) [aPy C s C e] - (w 5 ) [aPl 4> Se] c v 



- 3 



" (W 6 ) pup (v^GaWe + K^ Va ^ S s ~ V^^XaG^S. 

(W 2 )^K* pXa] + ^-HlGt pM + W 2 G% pX ^ t vpX °+ 



+ e 



+ ( (Ws)^ ^ + ^H;C*>* - W 3 C* ) V C 



a(3-ySe 



+ 



(71) 



~ 2U ((W B ) ^ + ^flj^fc] + W 5 ^ & ) 77C+ 
The component with the antighost number equal to two results as solution to the equation (|48(1 
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for i = 3, by relying on the formula (|71|) and the definitions (|22j) - (j34j) . and takes the form 
«2 = (Wi)^ (3^C^ - t/CH - (W 2 )^ (3C p rT p + B^CO + 



QflUpXcr 



(Wa)^ A„C A] - (W 3 )^ 4> P x]V + 2^H^B* p C x] 



+ 3 2 



'^H*^- W 3 C* V j .l„f+ 



+ e 



af3j6e 



dW 4 



*±*pp 



W 4 C* P a paV G^se 



c- 



+ e 



- 6 r^H^A^ - W 4 C*^A^j Gapyse- 

- h ((^) [a/3 Mb] + 2 ^ H [aB^8e] + 2W 5 ^0 &] 

+ I AQC,, + 2^^ftC E , + 2W 5V * [a ^C s C e] ^ + 

+ (We)^ [B^ V Ga/3-ySe + ^^paG^Se) + 

+3 (V 6 ) Mi , if^ + - W 6 cA a paWe 

2 (^H;A*» - W 2 A C - 6W 3 {f^B%C + K( pup B* Xa] G^) + 
l2W^ v B%G aM 5e + ^W 5 B^K* jS£] C+ 



afj-ySe 



+ 2 (™*m 

\ dp 



pA*»-W 6 A 2 G a f3y6e 



(72) 



Replacing now the expression (|72|) into the equation (|48jl for i = 2 and recalling the same definitions 
like in the above, we obtain that the piece of antighost number one in the first-order deformation is 
written like 



ai 



dWi dW? 

■^-H; (2A v C> w - H*rj) + ^H* (2B^C v - 3^ p rf up ) 

2W 1 B* ilv C^ - W 2 (3K; upV ^ p + 2A^C ll ) + 
dW 3 



+ 3 



dip 
~dW 3 



H^A v cf> pX] + W 3 (2B^„ A] + 3K( pup A x] 

(j o h; (2A u c p - <j>„ pV ) + w 3 {2b; u c p - k;^ 

3W 3 ^ (Abe* - (Tri) + 



+ 



+ e 



+ j-j^H*ef3 lpup K flup €s £ f 1 ' u ' p 'K fl v p + 

+ 6W4 {<t>* a pK j6e ri - 24>*^A ll a va g M5£ ) - 

" * ( 2 ^ H l* A ^ sC z] + 4W 5 B^ s C e] + 6W 5 K^A s C e 



(73) 



+ 



+ 



+ 



2 {^ HpB ^ ~ W ^ A * P ) °™£fh*z- 



W\Lp*T). 



In the last step we solve the equation (|48[) for i = 1 with the help of the relation (|73|) and the 
definitions of 7 acting on the BRST generators, whose solution reads as 



a = WxA^ + W 2 B i 



W: 



A n] K pvp + 



+ e 



afi^/Se I 1 



\W A A a e Mtlvp K^<>E SEIX , vlp ,K» v p + 
+\WsA a <j> M <t> 5£ + W 6 B a pK lSe ) + M(y?), 



(74) 



and represents nothing but the interacting Lagrangian at order one in the coupling constant. The 
solution M{(p) represents the general solution to the 'homogeneous' equation 



7 a o 



(75) 



which is determined in Appendix[Dl [The solutions to this 'homogeneous' equation come from a\ = 0, 
and hence they bring contributions only to the deformed lagrangian density at order one in the coupling 
constant. ] 

We emphasize that the solutions («m) m= ol obtained in the above also include the solutions cor- 
responding to the associated 'homogeneous' equations 7<z m = 0. In order to simplify the exposition 
we avoided the discussion regarding the selection procedure of these solutions such as to comply with 
obtaining some consistent components of the first-order deformation at each value of the antighost 
number. It is however interesting to note that this procedure allows no new functions of the scalar 
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fields beside (Wk) k= ie an d M (</?) to enter (a m ) m= 04- in consequence, we succeeded in finding the 
complete form of the nonintegrated density of the first-order deformation of the solution to the master 
equation for the model under study (|fi7j). which reduces to a sum of terms with antighost numbers 
ranging from zero to five, namely, the right-hand sides of the formulas (|69|) - (|74|) . and is parametrized 
in terms of seven arbitrary, smooth functions of the undifferentiated scalar field <p. 

4.3 Higher-order deformations 

Next, we investigate the equations responsible for higher-order deformations. The second-order de- 
formation is governed by the equation (|41j) . Making use of the first-order deformation derived in the 
previous subsection, after some computation we organize the second term in the left-hand side of (j41|) 
like 

rf»y(«) , 

-XW , (76) 



(s 1 ,s 1 )= [ d 5 x (r^xw + ^jz 

V a=0 i=l 



dtp a 



where 



i""M = ^M, (77) 

y« (p) = w x W 2 (<p) , (78) 

(ip) = Wi (p) dW ] (ip) - 3W 2 (if) W 3 (?) + 6W 5 W 6 {<p) , (79) 
dip 

y( 3 ) fa) = W 2 (tp) W 3 (ip) + W 5 (<p) We (tp) , (80) 

(tp) = W 1 (if) + 3^3 {ip) W( . ( V ) _ q W2 W4 {ip) (si) 
dip 

= Wx (<p) We (<p) , (82) 

y(6) (^) = ^ 2 (^) W4 (</>) + W 3 (<p) We (tp) , (83) 

y(7) = iy 2 (v9) iy 5 (p) , (84) 

(tp) = W 4 [if) We , (85) 

while the remaining objects, namely, _X"W and [Xa ) can be found in the Appendix lEl 



a=l,5, i=l,: 

On the one hand, X® and all (x^ ) _ are polynomials of ghost number one involving only 

V / a=l,5, i=l,8 

the undifferentiated fields/ghosts and antifields. On the other hand, the equation (|4*Tj) requires that 
(Sx,Sx) is s-exact. However, since none of the terms present in the right-hand side of Q76|) can be 
brought to such a form, the nonintegrated density of (Sx,Sx) must vanish. This takes place if and 
only if the following equations are simultaneously obeyed 

y( fc ) (ip) = 0, k = 078. (86) 

Using the above results, we can further take S 2 = 0, the remaining higher-order deformation equations 
being satisfied with the choice 

S k = 0, k > 2. (87) 

In this way the complete deformation of the solution to the master equation, consistent to all 
orders in the coupling constant, simply reduces to the sum between the 'free' solution Q35JI and the 
first-order deformation 

S = S + gSx = S + g [ d 5 x 
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where the components (afc) fc= Q-g are given in (|69|) - (|74jl and the functions M (ip) and (W& (<^)) fc= j-g are 
no longer arbitrary; they must satisfy the equations (|5B|) . 



5 Lagrangian formulation of the deformed gauge theory 

By virtue of the discussion from the end of Sec. 12 on the significance of terms with various antighost 
numbers in the solution to the master equation, at this stage we can extract all the information on the 
gauge structure of the coupled model. The antifield-independent piece in (|88|) provides the expression 
of the overall Lagrangian action of the interacting gauge theory 

S [<p, H, A, B, 4>, K) = J d 5 x \Rfjt (d»<p + gWxA*) + gM (<p) + 

+ \B»» {d [lx A v] + 2gW^ v ) + 

+ (d [p(Pl/p] - SgW^A^ + (89) 

+ gs^ pXa (iW 4 A^ upa/3l K a ^e Xaa ,^,K a '^' + 

+ lW 5 A l ,(/) l/p 4>Xa + W 6 B pu K pXa )] , 

while from the components with antighost number one we conclude that it is invariant under the gauge 
transformations 

5 e ^ = d»e - 2gW 2 e - 2gW 6 e^ pX ^ upXa , (90) 



S^H" = 2D u e^ + g 



dW x 

dip 



dW* 



vp 



35- 



dW 2 



dip 



J vp^ 



Aivp 



+ 2g 



dip 

^l B ^-3^K^A p )^ + 

dip dip 



l2g d ^A^ pX r pX + 2g^B^e ua ^ S + 



+ 3gK^[4^A„e paf3 ^ 



+ ge' 



pvpXa 



4 dip 

dW 5 
dip 



£upa/3~(K a £Xaa'(3''Y'K a ^ <• ~ 
up {A X £a ~ \4>Xat) 



(91) 



5 e £(p = -gWie, 



(92) 



8 ei B^ v = Sdpe^P - 2gW x e tiV + 6gW 3 f20 pA ^ pA + K» vp £ p ) + 

/ \ (93) 



V = D\ ku] + 3g [Ws^ve - 2W A A [ pe u]af3l sC' 3 ' /5 ) + 

" (94) 



3ge pup xa (2W A K px °e + W & e px °) , 
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S^K^p = AD { + ] e upx - 3g (W 2 e pup + W 3 K pvp e) - 

(95) 

- g£ ^W h {A x ^-\4> Xa e), 

where we employed the notations 

D v = d v -g^A u , =d v ±3gW 3 A v . (96) 

The commutators among the deformed gauge transformations, as well as the accompanying reducibility 
relations, result from the analysis of the structure of terms with antighost numbers greater than one 
in (|88|) and are listed in the Appendices El and respectively IH1 

However, the functions (Wk) k= YQ an d M (tp) are no longer arbitrary smooth functions of the 
undifferentiated scalar field. They are required to fulfill the equations Q86|) in order to ensure the 
consistency of the deformed solution to the master equation to all orders in the coupling constant. 
Let us analyze now the solutions to the system (|86|). It it easy to see that (|86|) is equivalent with the 
equations 

dtp 

Wt (tp) W 2 (tp) 

Wi (tp) dW ] (V?) - 9W 2 (tp) W 3 (p) 
dtp 

W 2 (tp) W 3 + W 5 (<p) We (tp) 

Wt (tp) + 9W 3 (tp) W 6 (tp) 

dtp 

Wt (tp) W 6 (p) 
W 2 (tp) W 4 (tp) + W 3 (tp) W 6 ( v ) 
W 2 (tp) W 5 (p) 
W 4 (tp) W 6 (tp) 

There are three different types of solutions to (f9T|) - (|105|) , The first type is described by the choice 

Wt (tp) = W 3 (tp) = W 4 (tp) = W 5 (tp) = 0, (106) 

with M (tp), W 2 (tp), and We (<p) arbitrary smooth functions of the undifferentiated scalar field. The 
second kind of solutions is pictured by the pick 

M (tp) = W 2 (tp) = We (tp) = 0, (107) 

with Wt ((p), W 3 (tp), W4 (tp), and W§ (tp) arbitrary smooth functions of tp. Finally, the third sort of 
solutions is parametrized by 

Wt (tp) = W 2 (tp) = W 6 (tp) = 0, (108) 

while M (tp), W 3 (tp), W/t (tp), and W$ (tp) remain arbitrary smooth functions of the undifferentiated 
scalar field. If we particularize the general results on the Lagrangian formulation of the interacting BF 
model contained in this section, and also the formulas related to the commutators among the deformed 
gauge transformations and to the accompanying reducibility relations contained in the Appendices IFl 



0. 


(97) 


0. 


(98) 


0. 


(99) 


0. 


(100) 


o. 


(101) 


0. 


(102) 


o. 


(103) 


o. 


(104) 


0. 


(105) 
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and O to the above solutions, we obtain three interacting theories that are in a way complementary 
to each other. More precisely, the first solution produces a deformed interacting BF theory with 
an open gauge algebra that closes on-shell in an Abelian way, but on-shell first- and second-order 
reducibility relations. The second one leads to a coupled topological BF model displaying an open 
gauge algebra, which closes on-shell in a non-Abelian manner, and on-shell reducibility relations for 
all the three levels. The last case yields an interacting BF model with an open gauge algebra, on- 
shell first-order reducibility relations, but off-shell second- and third-order reducibility relations (the 
second- and third-order reducibility functions are not modified by the deformation procedure). 

6 Conclusion 

In conclusion, in this paper we have generated the consistent Lagrangian interactions in five spacetime 
dimensions that can be introduced among one scalar field, two types of one-forms, two sorts of two- 
forms, and one three-form, pictured in the free limit by an Abelian topological field theory of BF- 
type, with Abelian gauge transformations, which are off-shell, third-order reducible. Our treatment is 
mainly based on the Lagrangian BRST deformation procedure, that relies on the construction of the 
consistent deformations of the solution to the master equation with the help of some cohomological 
techniques. The couplings are obtained under the hypotheses of smoothness, locality, (background) 
Lorentz invariance, Poincare invariance, and the preservation of the number of derivatives on each 
field. As a result, we obtain three sorts of coupled models that are in a way complementary to each 
other. All of them underlies a deformed interacting BF theory with an open gauge algebra, which 
only closes on-shell, where on-shell means on the stationary surface of field equations for the coupled 
model. However, for the first situation it closes according to an Abelian algebra, while for the second 
and third model it produces on-shell a non-Abelian algebra. Related to the reducibility relations, 
we remark that the first model outputs on-shell first- and second-order reducibility relations, but off- 
shell third-order reducibility, the second describes a coupled topological BF model displaying on-shell 
reducibility relations to all the three levels, while the third coupled theory exhibits on-shell first-order 
reducibility relations, but off-shell second- and third-order redundancy relations. 
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A Cohomology of 7 and related matters 

In this section we study the first ingredient implied in the local BRST cohomology H (s\d), namely, 
the cohomology algebra of the exterior longitudinal derivative H (7). Let a be an element of H (7) 
with definite pure ghost number, antighost number and form degree (deg) 

7a = 0, pgh(a) = />0, agh(a) = fc>0, deg(a)=p<5. (109) 

Extending the analysis realized in Sec. 14. II for nonintegrated densities (0-forms) to objects that may 
have nonvanishing form degrees, we can state that the general, local solution to the equation (|109|) 



17 



(up to trivial, 7-exact contributions) is of the type 

a = J2 a J^A}dFA])e J {r, T ), (HO) 
J 

where Fa denotes the set of 7-closed (gauge- invariant) quantities that can be constructed out of the 
original fields 

F A = [y,d^ A v \d^,d^B»P x \d { ^ vp] ,d^K^) , (111) 

and Xa * s explained in (|19|) . The notation e J (t/ T ) in (|110|) signifies here the elements of pure ghost 
number equal to I of a basis in the space of polynomials in the undifferentiated ghosts 

V T = (r,,C,g,fj,c), (112) 

so they have the properties 

pgh (e J ) = I > 0, agh (e J ) = 0, deg (e J ) = 0. (113) 

By contrast to Sec. 14. H here we work with slightly modified quantities Fa and 77 instead of (|51[) and 
(|52jl. such as to include tilde quantities, defined like the Hodge duals of the untilded ones 

q, _ 1 r ni...n k vi...vn-k\ri (~\1d) 

W ~~ (5-fc) ! ^v x ...v h _ k - 

In fact, 1)110(1 is nothing but the analogue of (|53|) in form degree p and written in terms of the newly 
defined ghosts and gauge-invariant quantities. Here, the objects aj [obviously nontrivial in H° (7)] 
are p-forms and were taken to have a finite antighost number and a bounded number of derivatives, so 
they are local p-forms with coefficients that are polynomials in the antifields Xa> * n ^ ne quantities Fa 
(excluding the undifferentiated scalar field (p), and also in their spacetime derivatives (including the 
derivatives of ip). However, aj may contain infinite, formal series in the undifferentiated scalar field 
99. Due to their 7-closeness, 7a/ = 0, and to their (partial) polynomial character, aj will be called 
'invariant polynomials'. In agreement with (|109|) . they display the properties 

pgh(aj) = 0, agh (aj) = k > 0, deg (aj) = p < 5. (115) 

In antighost number zero the invariant polynomials are local p-forms with coefficients that are poly- 
nomials in Fa (excluding the undifferentiated scalar field </?) and also in their spacetime derivatives 
(including the derivatives of (p), with coefficients that may be infinite, formal series in the undifferen- 
tiated scalar field 

In order to establish that just H (7) is required at the computation of H (s\d), and not the local 
cohomology of 7, we need the cohomology of the exterior spacetime differential d in the space of 
invariant polynomials, as well as other interesting properties, which are addressed below. 

Theorem A.l The cohomology of d in form degree strictly less than 5 is trivial in the space of 
invariant polynomials with strictly positive antighost number. This means that the conditions 

7a = 0, da = 0, agh (a) > 0, deg(a) < 5, a = a ([x*a\ > [Fa\) : (H6) 

imply 

a = dp, (117) 

for some invariant polynomial (3 ([Xa\ » t-^XI) - 
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Proof In order to prove the theorem, we decompose d like 

d = do + di, (118) 

where d\ acts solely on the antifields x*a an< ^ their derivatives, while do ac ts exclusively on the 7- 
invariant objects Fa and on their derivatives 

do = aj 1 ds'* 1 , d 1 = dj 11 dx^ 1 , (119) 

with 

(120) 
(121) 

We used the common convention f ^ = df/dx^ 1 . Obviously, d 2 = on invariant polynomials is 
equivalent with the nilpotency and anticommutation of its components acting on invariant polynomials 

d 2 = = d\ , d Q di + did = 0. (122) 

The action of do on a given invariant polynomial with say I derivatives of Fa and j derivatives of x*a 
results in an invariant polynomial with (I + 1) derivatives of Fa and j derivatives of x\' wnue the 
action of di on the same object leads to an invariant polynomial with I derivatives of Fa and (j + 1) 
derivatives of x*a- I n particular, do gives zero when acting on an invariant polynomial that does not 
involve any of the objects Fa or of their derivatives, and the same is valid with respect to di acting 
on an invariant polynomial that does not depend on any of the antifields x*a or 011 their derivatives. 
With the help of the relations qi2UI) - ()121l) we observe that 

agh (d ) = agh (d x ) = agh (d) = 0, (123) 

such that neither of them changes the antighost number of the objects on which any of them acts. 

For convenience, the antifields x*a will De called "foreground" fields, and the 7-invariant objects 
Fa will be named "background" fields. So, do acts just on the background fields and their derivatives, 
while di acts solely on the foreground fields and their derivatives. According to the proposition from 
page 363 in |42| . we have that the entire cohomology of di in form degree strictly less than 5 is trivial 
in the space of invariant polynomials with strictly positive antighost number. This means that 

« = «([Xa] > \ f a\) , agh(a)=/c>0, deg (a) = p < 5, d x a = 0, (124) 

implies that 

a = dip, (125) 

with 

P = (3([x*a],[Fa}), agh 09) = k > 0, deg(/3)=p-l. (126) 

In particular, we have that if an invariant polynomial (of form degree p < 5 and with strictly positive 
antighost number) depending only on the undifferentiated antifields is di-closed, then it vanishes 

(a = a (x*aA f a\) , agh(a)>0, deg (a) = p < 5, di<5 = 0) => a = 0. (127) 

Just do has nontrivial cohomology. For instance, any form exclusively depending on the antifields and 
their derivatives is do-closed, but it is clearly not do-exact. 



3 W - F A ,^ QFa 



9 

XA,/ii Qy*^ ^A,/ii(U2 



qL 



+ 



+ 



A'2 
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Next, assume that a is a homogeneous form of degree p < 5 and antighost number k > that 
satisfies the conditions (|116|) . We decompose a according to the number of derivatives of the antifields 

(°> (1) (S) i f®\ 1 n l _ , 100 s 

a =a + a H h a, agh I a = > 0, deg a =p<5, (128) 



(*) 

where a signifies the component from a with i derivatives of the antifields. (The decomposition 
contains a finite number of terms since a is by assumption local.) As a is an invariant polynomial of 

form degree p < 5 and strictly positive antighost number, each component a is an invariant 



\ / 0<i<s 

polynomial with the same form degree and strictly positive antighost number. The proof of the 
theorem is realized in (s + 1) steps. 

Step 1. Taking into account the splitting <|1 . the projection of the equation 

da = (129) 

on the maximum number of derivatives of the antifields (s + 1) produces 

di o?= 0, (130) 
and hence the triviality of the cohomology of d\ ensures that 

a=d x p , agh (3 = k > 0, deg (3 \=p-l, (131) 

(s-l) 

where (3 is an invariant polynomial of form degree (p — 1), with strictly positive antighost number 
and containing only (s — 1) derivatives of the antifields. If we introduce the p-form 

(s-l) 

a 1 = a-d (3 , (132) 

then the equation (|129|) together with the nilpotency of d further yield 

dai = 0. (133) 

It is by construction an invariant polynomial of form degree p and of strictly positive antighost number 
and, most important, the maximum number of derivatives of the antifields from a\ is equal to (s — 1). 
Indeed, if we replace (|131|) in l|128j) and then in (|132j) . we get that 

(0) (1) (s-2) (s-l) (s- 1 ) 

ol\=ol + a H h a + a —do (3 . (134) 

Then, the maximum number of derivatives of the antifields from the first s terms in the right-hand side 

(s-l) (s- 1 ) 
of (|134j) is contained in a , being equal to (s — 1), while do (3 has the same number of derivatives 

(s-l) 

of the antifields like f3 , which is again (s — 1). 

Step 2. If we project now the equation (|133|) on the maximum number of derivatives of the antifields 
(s), we infer that 

/ ( S -1) 

di\ a -do =0, (135) 
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(s-l) ( s ~ 1 ) 

with a —d,Q an invariant polynomial of form degree p and of strictly positive antighost number. 
Using again the triviality of the cohomology of d\ , we deduce that 

(s-l) (s-l) (s-2) f(s-2)\ f(s-2)\ 

a -d =d 1 , agh = k > 0, deg \= p -l : (136) 

(s-2) 

where is an invariant polynomial of form degree (p — 1), with strictly positive antighost number 
and containing only (s — 2) derivatives of the antifields. At this stage, we define the p-form 

((s-l) (s-2)\ 

a 2 = a-d\ + (3 . (137) 

The equation (|129j) together with the nilpotency of d further yield 

da 2 = 0. (138) 

Clearly, a 2 is an invariant polynomial of form degree p and of strictly positive antighost number. It 
is essential to remark that the maximum number of derivatives of the antifields from a 2 is equal to 
(s — 2). This results by inserting (|131|) and (|136jl in (|128|) and consequently in (|137jl . which then gives 

{0) ^ (1) ^ , («"3) (.-2) 

a 2 =a + a + ■ • • + a + a —do (3 . (139) 

etc. 

Step s. Proceeding in the same manner, at the s-th step we obtain an invariant polynomial of 
form degree p and with strictly positive antighost number, which contains only the undifferentiated 
antifields 

/(s-l) (0)\ (o) (0) 

a s = a-d\ (3 + ■ ■ ■ + = a : -do P , (140) 
agh [ =A:>0, deg \ \ = p - 1, < j < s - 1. (141) 

fU)\ 

[All I < j < s — 1 are invariant polynomials.] The equation (|129|) and the nilpotency of d lead 
to the equation 

da s = 0. (142) 
Step (s + 1). The projection of (|142j) on the maximum number of derivatives of the antifields (one) 

is 

/(0) (0)\ /(0) (0)\ 

di a -d = 0, agh la -d = k> 0. (143) 

(0) (°) 

Taking into account the relations ()143() and (|127() (with a replaced by a —do 0) we get that 

(0) (°) , , 

a -d 0= 0, (144) 

which substituted in ()140l) finally allows us to write that 

a = d0, (145) 
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with 

(o)\ 

0=1/3 +•■■+/?!, agh(/3) =fc>0, deg(/3)=p-l, (146) 

and this proves the theorem since (3 is an invariant polynomial of form degree (p — 1) and with strictly 
positive antighost number. ■ 

In form degree 5 the Theorem IA. H is replaced with: let a = pdx° A • • • A dx 4 be a d-exact invariant 
polynomial of form degree 5 and of strictly positive antighost number, agh (a) = k > 0, deg (a) = 5, 
a = dp. Then, one can take the 4- form (3 to be an invariant polynomial (of antighost number k). In 
dual notations, this means that if p with agh (p) = k > is an invariant polynomial whose Euler- 
Lagrange derivatives are all vanishing, p = d^j^, then can be taken to be also invariant. Theorem 
lA.ll can be generalized as follows. 

Theorem A. 2 The cohomology of d computed in H (7) is trivial in form degree strictly less than 5 
and in strictly positive antighost number 

H$' k (d,H( 7 )) = 0, k>0, p<5, (147) 

where p is the form degree, k is the antighost number and g is the ghost number. 

Proof An element a from Hp k (d, H (7) ) is a p-form of definite ghost number g and antighost 
number k, pertaining to the cohomology of 7, which is d-closed modulo 7 

7a = 0, da = 7/i, agh (a) = k, gh (a) = g, deg (a) = p. (148) 

The theorem states that if a satisfies the conditions Q148j) with p < 5 and k > 0, then a is trivial in 

a = dv + 7p, -fi> = 0, (149) 

where 

agh 0) = agh (p) = k > 0, gh (u) = g, gh(p)=#-l, (150) 

deg (f) = p — 1, deg(p)=p<5. (151) 

Since g = I' — k, with /' the pure ghost number of a, and /' takes positive values I' > 0, it follows 
that 5 is restricted to fulfill the condition g > —k. Thus, if g < —k, then a = 0. The theorem is thus 
trivially obeyed for g < —k. 

We consider a nontrivial element a from H (7) of form degree p < 5, of antighost number k > 

7a = 0, agh (a) = > 0, deg (a) = p < 5. (152) 

In agreement with the previous results, a can be expressed, up to 7-exact contributions, like 

a = ^2aje J . (153) 
J 

We will use in extenso the following obvious properties 

7 2 = 0, d 2 = 0, 7 d + d 7 = 0, pgh (d) = 0, deg (7) = 0, (154) 
q je J = 7 (something) 44> (aj = for all J) , (155) 
da j = a'j, (156) 
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where 

agh (a'j) = agh (aj) , deg (a'j) = deg (aj) + 1. (157) 
By applying the exterior spacetime differential on a of the form Q153)) . we infer that 

da = ±^2(daj)e J + ^2aj(de J ) . (158) 
J J 

By means of the relations l|3U |) -(|34| ) . we get 

dri = d^dx^ = 7 (-A^dx*) , dC = d^Cdx 1 * = 7 ( — C^dx^ 1 ) , (159) 

dg=d^g dx» = 7 (j g„ oV<) , (ieo) 

dfj = d^fjdx" = 7 (l^dx") , dC = d^Cdx" = 7 (j^dx") , (161) 
which allow us to write 

de J = 7 e J , (162) 
where e J depend in general on A^, C M , Q^, f/^, and C^. Substituting (|162[) in (|158j) . it follows that 

da = ± ^2 (daj) e J + 7 aje J ^j . (163) 

Since a is a d-closed modulo 7 p-form, the equations (|148|) and (|163|) yield 

±J2(daj)e J = 7//. (164) 
J 

With the help of the property (|155|) . from (|164j) we arrive to 

daj = 0. (165) 

Theorem IA . 1 1 then implies that 

aj = dfij, (166) 
with (5 j an invariant polynomial. Inserting aj of the form (|166j) in (|153|) . we obtain that 

a = £ d(3je J = ±d T 7 (E ' ( 167 ) 

which proves the theorem. ■ 

Theorem I A. 21 is one of the main tools needed for the computation of H (s\d). In particular, it 
implies that there is no nontrivial descent for H (^\d) in strictly positive antighost number. 

Corollary A.l If a with 

agh (a) = k > 0, gh (a) = g > —k, deg (a) = p < 5, (168) 

satisfies the equation 

ia + db = 0, (169) 

where 

agh(b) = k>0, gh (6) = g + 1 > -k, deg (6) = p - 1 < 5, (170) 
then one can always redefine a 

a — > a' = a + du, (171) 

so that 

70' = 0. (172) 
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Proof We construct the descent associated with the equation (|169|) . Acting with 7 on (|169j) and 
using the first and the third relations in <|154D . we find that 

d(- 1 b) = 0, (173) 

such that the triviality of the cohomology of d implies that 

7 b + dc = 0, (174) 

where 

agh(c) = £;>0, gh(c)=# + 2, deg (c) = p - 2. (175) 
Going on in the same way, we get the next equation from the descent 

7 c + de = 0, (176) 

with 

agh(e)=A;>0, gh(e)= 5 + 3, deg (e) = p - 3, (177) 
and so on. The descent stops after a finite number of steps with the last equations 

7* + du = 0, (178) 
7 u + dv = 0, (179) 
yo = 0, (180) 

either because v is a zero-form or because we stopped at a higher form-degree with a 7-closed term. 
It is essential to remark that irrespective of the step at which the descent is cut, we have that 

agh (v) = k > 0, gh (v) = g' > -k, deg (v) = p' < 5. (181) 

[The earliest step where the descent may terminate is v = b and, according to (|17U|) . we have that 
deg (b) = p — 1 < 5 and gh (b) = g + 1 > —k.\ 

The equations (fT79|) - l|T8n|) together with the conditions (fl8T|) tell us that v belongs to H^ ,k (d, H (7)) 
for k > 0, p' < 5 and g' > —k, so Theorem IA.2I guarantees that v is trivial in 22j'* (d,H(j)) 

v = du' + 7p, 71/' = 0, (182) 

which substituted in (|179f> allows us, due to the anticommutation between d and 7, to replace it with 
the equivalent equation 

7«' = 0, (183) 

where 

v! = u- dp. (184) 

In the meantime, (1 184(1 and the nilpotency of d induces that du' = du, such that the equation (|178|) 
becomes 

ryt + du' = 0. (185) 

[Note that if the descent stops in form degree zero, deg {v ) = 0, then the proof remains valid with the 
sole modification v' = in (|182|) .] Reprising the same argument in relation with (|183|) and the last 
equation, we find that (|185j) can be replaced with 

7t' = 0, (186) 
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where 

t' = t - dp", (187) 

and p" comes from 

u' = dv" + jp", 71/" = 0. (188) 

Performing exactly the same operations for the remaining equations from the descent, we finally infer 
that (|169|) is equivalent with 

70' = 0, (189) 

where 

a' = a - dp'", (190) 

and p'" appears in 

b' = dv'" + 1P '", 71/" = 0. (191) 
The corollary is now demonstrated once we perform the identification 

v = -p'", (192) 

between 1)190(1 and (|171() . Meanwhile, it is worth noticing that b' = b — dg, with 73 nonvanishing in 
general, so from (|191|) we can also state that 

b = 1P '" + df, f = v"'+g, (193) 

with 7/ 7^ in general. ■ 



B Some results on the (invariant) characteristic cohomology 

We have argued in Sec. 14.11 that the characteristic cohomology for the model under study is trivial 
in antighost numbers strictly greater than five, (S\d) = for all k > 5. It appears the natural 
question if this result is still valid in the space of invariant polynomials, or, in other words, at the level 
of the invariant characteristic cohomology H mv (5\d). The answer is affirmative and is proved below, 
in Theorem lB.il Actually, we prove that if is trivial in (5\d), then it can be taken to be trivial 
also in H™ (5\d). We consider only the case k > 5 since our main scope is to argue the triviality of 
H mv (S\d) in antighost number strictly greater than five. To this end, we firstly need the following 
lemma. 

Lemma B.l Let a be a 5-exact invariant polynomial 

a = 5(3. (194) 

Then, (3 can also be taken to be an invariant polynomial. 

Proof Let v be a function of [x* A ], [<p], [A^], [H^], [Bp U ], [fa], and [K^ up ]. The dependence of 
v on [up], [Ap], [Hp], [B^], [(f>/j,v\, and [K^ up ] can be reorganized as a dependence on [F A ] and on 
An = {A p , dA p , . . .}, = {H^dHp, . . .}_, B^ v _ = {B pv , dB pv , . . .}, cp^ = dfa, . . .}, K^ vp = 
{Kpup, dK pup , . . .}, where, A^, Hp, Bp U , 4>^vi K pup are not 7-invariant. If v is 7-invariant, then it 
does not involve, A^ Hp, Bp U , fa, Kp Vp , i.e., v = v\ A ^ =oR ^ =oB ^ =0 ^ =oR ^ p=Q , so we have by 
hypothesis that 

a = a U M =o,tf M =o,B M „=o,<^=o,i? MI , p =o • ( 195 ) 
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On the other hand, (3 depends in general on [xaL \Fa\ and, A^, H^, B pu , (j) pu , K pup . Making A p = 0, 
H p = 0, B pu = 0, 4> pv = 0, K pup = in (|194|) . using (J195|) and taking into account the fact that 5 
commutes with the operation of setting the 'fields' A p , B pu , 4> pv , and K pup equal to zero, we find 
that 

a = S (/% M =0,tf M =0,B^=0,<^=0,K MI , p =o) > ( 196 ) 

with 0\ A ^ =o>R ^ =OjB ^ =oRfivp=0 invariant. This proves the lemma. ■ 
Now, we have the necessary tools for proving the next theorem. 

Theorem B.l Let a p k be an invariant polynomial with deg (a?) = p and agh(a p ) = k > 5, which is 
5-exact modulo d 



a 



p k = S\l +1 + d\l\ k>5. (197) 



Then, we can choose A? , , and A? 1 to be invariant polynomials. 



^ k+1 u,,™, xv fc 



Proof Initially, by successively acting with d and 5 on (j!97[) we obtain a tower of equations of the 
same type. Indeed, acting with d on (|197|) we find that da p k = —5 (dX k+l ). On the other hand, as da p k 
is invariant, by means of Lemma lB.ll we obtain that da p k = — <5a^+i' with invariant. The last 

two relations imply that 5 (c^+i — dX p +1 ) =0. As 5 is acyclic at strictly positive antighost numbers, 



the last relation implies that 

<i=^: i 2 +^ +1 . (198) 

Starting now with (|198|) and reprising the same operations like those performed between the formu- 
las (|197j) and (|198j) . we obtain a descent that stops in form degree 5 with the equation a| +5 _ p = 
<5A| +5 _ p+1 + d\ k+5 _ p . Now, we act with 5 on (|197j) and deduce that 5a k = —d5X p k 1 . As 8oP k is 
invariant, in the case k > 1, due to the Theorem IA.11 we obtain that 5a k = — dctfT^, where is 
invariant. Using the last two relations we get that d \ (x p ~\ — <5A^ -1 ) = 0, such that it follows that 



<-\ = 5K~ l + dK-v (199) 

If k = 5 in ()197|) . we cannot go down since by assumption k > 5, and so the bottom of the tower is 
(|197|) for k = 5. Starting from (|199j) and reprising the same procedure we reach a descent that ends at 
either form degree zero or antighost number five, hence the last equation respectively takes the form 

al_ p = SX° k _ p+1 , (200) 

for k — p > 5 or 

a p f k+5 = 5X p - k+5 + dX p f k+ \ (201) 
for k — p < 5. In consequence, the procedure described in the above leads to the chain 

a k+5-p = "X k+6 _ p + aX k+5 _ p , 



(202) 



p+1 

k+1 








V 

a k 


= ^ 


-i + 


l 

? 


P-I 
k-1 






2 

-1' 



*°k- P = 5Xi_ p+1 or ar +& = ar^ + ^ 
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All the a's in the descent (|2()2|) are invariant. 

Now, we show that if one of the A's in ()2U2|) is invariant, then all the other A's can be taken to be 
also invariant. Indeed, let A^ _1 be invariant. It is involved in two of the equations from (|2()2[) . namely 

a^ = 5\^ +1 + d\^- 1 , (203) 
ce£z\ = dX^ 1 + d\^Z 2 v (204) 

The relation (|203|) yields that — dX^f 1 is invariant. Then, in agreement with Lemma IB. II the 
object A^ +1 can be chosen to be invariant. Using ()204|) . we have that a^z\ — <^£ _1 * s invariant, 
such that Theorem I A. II ensures that X^zl is also invariant. On the other hand, A^ +1 and X^z\ are 
involved in other two sets of equations from the descent. (For instance, the former element appears in 
the equations a^Z\_\ = 3^b+2 + ^b+i an d a B+2 = + c ^b+2 - ) Going on in the same fashion, we 

find that all the A's are invariant. In the case where A^ _1 appears at the top or at the bottom of the 
descent, we act in a similar way, but only with respect to a single equation. The above considerations 
emphasize that it is enough to verify the theorem in form degree 5 and for all the values k > 5 of the 
antighost number. 

If k > 10 (and hence k — p > 5), the last equation from the descent Q2U2j) for p = 5 reads as 

a° k _ 5 = 5A°_ 4 . (205) 

Using Lemma lB.ll it results that A^_ 4 can be taken to be invariant, such that the above arguments 
lead to the conclusion that all the A's from the descent can be chosen invariant. As a consequence, 
in the first equation from the descent in this situation, namely, a k = 5X\ +l + c?A|, we have that 
both AjL j and A^; are invariant. Therefore, the theorem is true in form degree 5 and in all antighost 
numbers k > 10, so it remains to be proved that it holds in form degree 5 and in all antighost numbers 
5 < k < 10. This is done below. 

In the sequel we consider the case p = 5 and 5 < k < 10. The top equation from ()202|) . written in 
dual notations, takes the form 

a k = 5X k+1 + d^ k , 5 < k < 10. (206) 

On the other hand, we can express a k in terms of its E.L. derivatives by means of the homotopy 
formula 

at = 1 1 " T (i5f (r> xl + ^ (T> *"°) + BA (20T> 
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where & g^ k (t) = S s ^ k (r [Fa] , t [xaD anc ^ similarly for the other terms. For further convenience, we 
denote the E.L. derivatives of A^+i by 

d R X k +i _ r ^ vp \ a 5 R \k+i _ niivp \ 5 R X k+ i _ ^ vp (oa»\ 
xr<* ~ fc-4 ' xr<* ~ fc-3 ' Ar'* ~~ Lr fe-2> (/uoj 

0Ly fiupXa- 0U pupX 0U pup 

^i = M fc , 6 -^=M k+ i, (210) 

~^- JVifc - 1 ' ~6A*r~ Nk ' -ia^- n m (211) 

(212) 
(213) 
(214) 
(215) 

Using (J2DEJ), as well as the homotopy formula for Xk+i, together with the notations (|2()8j) - (|21()j) . 
we determine the relationship between the E.L. derivatives of a k and those of A^+i in the (H^,{p)- 
field/antifield sector like 

5GZf a , ^^ = SG^_f + 5d a G>^_f a , (216) 





s R x k+1 

Sfj* 


— Qfc-3; 


s R x k+1 


~ Qk-2> 


s R x k+1 

$V*pu 










s R x k+1 


= or, 


S R X k+ i 


_ n^p 


















S R X k +i 
5C* 


= L k -2i 


$ R X k+ i 


= L k-V 


5 R X k+1 

H*pu 




s R x k+1 


- L k+l 


s R x k+1 
sg 


= Pk-2, 


s R x k+1 
sgp 


_ pM 
~~ r k-V 


s R x k+1 


— r k ' 


s R x k+1 

SKp, 


_ ppv 
— r k+l 



5C* 5C 

pvpXcj pvpX 



*' W 6GZ P 2 + 4d x G^f, ^ = ^+3^, (217) 



xr 1 * k— 2 1 k o ' xn* 

0Lj pup 0Ly pu 

^ = -8GI + 2d u GZ v = - ^M fc , (218) 

5 ^ = -5M k , 6 -pL = 6M k+1 . (219) 

Due to Lemma IB. II (k > 0), the equations (|219|) allow us to state that 

|| = -M4, (220) 

with both Mj^ and M' k+1 invariant polynomials. Applying a similar reasoning in connection with the 
descent (I216j) - (j219[) from bottom to top, we obtain that 

j ak — ^ipvpXa & a k _ r^lpvpX . en (-iipvpXo / 991 \ 

77^ - ~ 0Lr k-i ' 77^ - 0Lr k-3 + ^^^-4 ' 

°^pppXa °^pvpX 

^ = -5G f r 2 + 49 A cn\ ^ = + sa^n, (222) 



^ = + 25^'/-, ^ = <^ +1 - d^M' k , (223) 
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where all the 'prime' quantities are invariant polynomials. On the other hand, since is an invariant 
polynomial that depends on just through d^H^ 1 and its spacetime derivatives, we get that 

= d»A k . (224) 

Using now the last equation from (|223|) together with (|224[) . we arrive at 

= dfl i M 'k + A k) , (225) 

which indicates that G'g +1 belongs to Hl +1 (5\d). As Hl +X (8\d) ~ #f +2 (S\d) ~ H% +3 (6\d) ~ 
H% +4 (S\d) ~ F| +5 (6\d) and Ff +5 (<5|d) ~ 0, the equation (12231) further implies 

^1 = ^+2 + ^+1- (226) 

We will prove the theorem for 5 < k < 10 by induction. More precisely, we will assume that 
the theorem holds in antighost numbers (k + 2), (A; + 3), (k + 4), (fc + 5), and in form degree 5, and 
will prove that it is also valid in antighost number k and in form degree 5. In agreement with this 
inductive hypothesis [more precisely, that the theorem is satisfied in antighost number (k + 5) and in 
form degree 5], we can take both G^ 2 an( ^ ^fc+i ^ n Q22fij) to be invariant polynomials. 

From (|2U6j) . the homotopy formula for Ak+i and the definitions H211j) - (|213|) we deduce the rela- 
tionship between the E.L. derivatives of ctk and those of \k+i in the (B^ u , ^4^)-field/antifield sector. It 
is more convenient to work, instead of the field B^ u and of the antifields of the ghosts associated with 
its gauge invariance and the accompanying reducibility relations, with their Hodge duals, denoted by 
tilde variables. In terms of these new fields we have that 

^? = ^ fe -i, S -^ = -6Nj> + d>>N k _ 1 , (227) 
= <^+i " h» a e a ^QT ] , (228) 
^p = <%-3, 5 -^ = -5QU-^Q^ (229) 

^ = sq^ - hd [ »Qlv = -*Qr - WQ V A> (230) 

^ = 5QkZ + h^ pXa ^^ d[a K 1 • (231) 

Due to the Lemma iB.ll and on account of the fact that the E.L. derivatives of invariant polynomials 
are also invariant, the first equation in l)227|) and the former relation from 1)2291) can t> e written like 

1^=^-1. 9? =5Q,fc - 3 ' (232) 
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where both N' k _ 1 and are invariant- Reprising the same arguments for the remaining equations 

in C2ZM22B, we infer that 



S R 



5 ^ = -5N'^ + d^N' k _ 1 , (233) 



5A 



^'l+i ~ l^ea^ed^Q'r 1 , (234) 



5Qt 2 ~ d»Q' k _ 3 , (235) 



^Q'Ci-^QtU, ^ = SQT ~ ^Q' k % (230) 



= + i^^Aa^» Ia Af , (237) 



where all the prime quantities are invariant. Let us analyze the relations (|234j) and (|237[) . Since the 
invariant quantity at depends on through the combination d[ a A^ and on Bp Vp via the expression 

d\ a Bfjrfg\, it follows that there exist some elements Ajjf' and A^ pA , completely antisymmetric in their 
Lorentz indices, such that 



S R 



SAp 



SBpyp 



d„Af, (238) 
d A Af pA . (239) 



Inserting (|238|) in (j234j) and (|239|) respectively in (|237j) . we obtain the relations 

SN'» +1 = d v (Af + 3QT ) , (240) 
tfQgf = d x (Af A - |iVr pA ) , (241) 

where is the Hodge dual of Q'Jf up , while N'£ upx represents the Hodge dual of iV^. In dual 

language, the equation 1)240(1 shows that N k+1 belongs to H k+1 (5\d). But H k+1 (S\d) ~ H k+2 (5\d) 
and H k+2 ($\d) — 0, so the inductive hypothesis [in this case the validity of the theorem in antighost 
number [k + 2) and in form degree 5] allows us to conclude that there exist some invariant polynomials 
N k ^ 2 and in terms of which we have that 

^i = ^& + ^2Tr (242) 

In the same dual language, from ()241() we read that Q^+i e (^1^) — ^1+2 (^M) — (^1^) — 

ij| , 4 (5|c£) — 0. Using again the inductive hypothesis [here, that the theorem holds in antighost 
number (k + 4) and in form degree 5], we then get the existence of some invariant polynomials Qjjf^ 
and N k l t_i P>l w ith the property 

Q'k+i = S Qk+2 + d ^h+l X - (243) 

Now, we invoke once more the relation ()206|) and the homotopy formula for Afc+i, which, combined 
with the definitions 1)214(1 — l|215j) . provides the relationship between the E.L. derivatives of a k and of 
\k+i in the (K pI/p , (/>^)-field/antifield sector. Instead of K pvp and of the antifields corresponding to 
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the ghosts associated with the gauge invariance of this field, we work with their Hodge duals, and 
deduce 

^ = -f£*- 2 , ^T = ^-1-^-2, (244) 

^ = -81% + ^ = SL^ +1 + \d p Pr, (245) 

^ = SPk-2, ^ = + (246) 

5r = ""T + ^ = + ^f P , (247) 

oK* y SK^ 

where P£ vp and L p f /p are dual to and respectively to L^. The Lemma IB . 1 1 and the fact that the 
E.L. derivatives of any invariant polynomial is also invariant allow us to write the former equations in 
(|244|) and respectively in (|246|) like 

^--f4* ^ = -«U, (248) 

with both L' k _ 2 and P^_ 2 invariant. The same reasoning, extended to the remaining equations in 
gBHZSfl , produces 



«5 B 



^ITi + J VT'. (250) 



J \a> 



8 R 



%■ = 8P» X + d»PU = SPT + l^ifi, (251) 



5 S u ^ 



^Ti+^T^ (252) 
oK pu 

where all the prime objects from l|249jl — l|252|l are invariant polynomials. Let us focus on the relations 
(|250|) and l|252() . Due to the fact that the invariant element depends on <f)[nt through the combination 
d[ a $py\ and on K pu via the expression d\ a Kpy\, it results that there exist some objects and T p f p , 
completely antisymmetric in their Lorentz indices, such that 

^P- = d p n pup , (253) 



§ R 



8K„ V 



1X1 =d p T^ p . (254) 



Putting together the equation 1)253(1 with (|25U|) and respectively the relation (|254|) with (|252[) . we find 
that 



^;Ti = d p K p - wr) > (255) 

SP'^ = d p (T^ p - LT P ) , (256) 
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Ht +2 (5\d) 



which indicates that both the invariant polynomials -^2+1 an< ^ tft+i P er tain to ($\d) 
Hk+3 (^1^) — 0- The inductive hypothesis [more exactly, that the theorem is fulfilled in antighost num- 
ber (fc + 3) and in form degree 5] ensures now the existence of two sets of invariant polynomials, 4+2^ ' ■> 



-ffc+i an d ' w ith the help of which we can write 



^k+1 

r k+l 



(257) 
(258) 



Introducing in (|207j) the E.L. derivatives of the invariant polynomial a^, expressed via the relations 
((gPHEgSD , (|2^2l - (|2lT71) . and (|M - (l232l . we finally determine that 



+ gTi (t) c; u + g'£ (t) + M' k ( T ) ^* + m£ +1 (r) v - 

- M£ +1 (r) d^H^ + NU (r) r/* + Q' fc _ 3 (r) *f + N» (t) A* + 
+ Qt-2 (r) % + QTl M ^ + 1^+7* W S[/ApA] + 

+ QT P (t) ^ + (t) ^ + 4% W cs+ 

+ ^-2 (r) ^* W ^ + P£ x (r) (r) £* + 



(259) 



+4-2 (r)C* 



+ 



We observe that all the terms from the integrand are invariant. In order to prove that the current ip£ 
can also be taken invariant, we switch (|259f) to the original form notation 



4 



(260) 



(where A^ is dual to ip?) 
invariant, ()260l) becomes 



As a| is by assumption invariant and we have shown that A| , , can be taken 



Pi 



d\\. 



(261) 



It states that the invariant polynomial /3| = a| — <5A^ +1 , of form degree 5 and of strictly positive 



antighost number, is d-exact. Then, in agreement with the Theorem IA.1I in form degree 5 (see the 
paragraph following this theorem), we can take At (or, which is the same, ip¥) to be invariant. In 
conclusion, the induction hypothesis in antighost numbers (fc + 2), (fc + 3), (fc + 4), (fc + 5), and form 
degree 5 leads to the same property for antighost number k and form degree 5, which proves the 
theorem for all fc > 5 since we have shown that it holds for fc > 10. ■ 

The most important consequence of the last theorem is the validity of the result ()57j) on the 
triviality of H mv (6\d) in antighost number strictly greater than five. 



C Local cohomology of s, H (s\d) 

Now, we have all the necessary tools for the study of the local cohomology H (s\d) in form degree 5. 
We will show that it is always possible to remove the components of antighost number strictly greater 
than five from any co-cycle of -ff| (s\d) in form degree five only by trivial redefinitions. 

We consider a co-cycle from (s\d), sa + db = 0, with deg (a) = 5, gh (a) = g, deg (6) = 4, 
gh (b) = g + 1. Trivial redefinitions of a and b mean the simultaneous transformations a — > a + sc + de 
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and b — > b + df + se. We expand a and 6 according to the antighost number and ask that oo is local, 
such that each expansion stops at some finite antighost number jHS], a = J2k=o a k' b = J2k=obki 
agh (cife) = k = agh (bk)- Due to the splitting s = <5 + 7, the equation sa + db = is equivalent to the 
tower of equations 

8a\ + 700 + dbo = 0, 



5ai + 7o/_i + = 0, 



The form of the last equation depends on the values of / and M, but we can assume, without loss 
of generality, that M = I — 1. Indeed, if M > I — 1, the last (M — I) equations read as db^ = 0, 
I < k < M, which imply that bk = dfk, deg (/&) = 3. We can thus absorb all the pieces {df] t ) I<k<M in 
a trivial redefinition of b, such that the new "current" stops at antighost number /. Accordingly, the 
bottom equation becomes 7a/ + dbi = 0, so the Corollary IA. II ensures that we can make a redefinition 
aj — > a/ — (i/)/ such that 7 (a/ — dpi) = 0. Meanwhile, the same corollary [see the formula (|193|) ] leads 
to bi = dgi+jpi, where deg (/?/) = 4, deg (5/) = 3, agh (pj) = agh (5/) = /, gh (p/) = 5, gh (5-7) = 
Then, it follows that we can make the trivial redefinitions a — > a — dpi and b — > b — dgi — spi, such 
that the new "current" stops at antighost number (J — 1), while the last component of the co-cycle 
from (s\d) is 7-closed. 

In consequence, we obtained the equation sa + db = 0, with 

1 1-1 



Y,<*k, b = J2h, (262) 



k=0 k=0 

where agh (a&) = k for < k < I and agh (pk) = k for < k < / — 1. All are 5-forms of ghost 
number g and all bk are 4-forms of ghost number (g + 1), with pgh (a^) = g + k for < < / and 
pgh (bk) = g + k + 1 for < < / — 1. The equation sa + db = is now equivalent with the tower of 
equations [where some (£>fc)o<fc<z-i could vanish] 

Sax + 7a + db = 0, (263) 

5a k +i + 7«fc + db k = 0, (264) 

5a/ + 7a/_i + = 0, (265) 

7a/ = 0. (266) 

Next, we show that we can eliminate all the terms (a/c)fc >5 and {bk)k>A f rom the expansions i26'ty) by 
trivial redefinitions only. 

We can thus assume, without loss of generality, that any co-cycle a from (s\d) can be taken to 
stop at a value / > 5 of the antighost number. The last equation from the system equivalent with 
sa + db = takes the form (|266|) . with pgh (a/) = g + / = L, so a/ £ H L (7). In agreement with the 
general results on H (7) (see Sec. 0) it follows that 



ai 



^aje J + 7 a/, (267) 
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where aj are invariant polynomials satisfying the properties 



agh (aj) = /, deg (aj) = 5, (268) 

and e J are the elements of pure ghost number equal to L of a basis in the space of polynomials in the 
ghosts rj, C, Q, fj, C. By acting with the operator 7 from the left on (j265j) and taking into account 
its second-order nilpotency, as well as its anticommutation with the exterior spacetime differential 
7<i+ dj = 0, one obtains that —d (767-1) = 0. The triviality of the cohomology of the differential d 
in the space of local forms in form degree equal to 4 leads to 

7&j_i + cfcj-i = 0. (269) 

By means of the Corollary IA.1| it follows (as / > 5 by assumption, so I — 1 > 0) that we can make a 
trivial redefinition such that l)269|) is replaced with the equation 

767-1 = 0. (270) 

In agreement with (|27()j) . &7_i belongs to H L (7), so we can take 

67-1 = J] A/ eJ + lh-i, (271) 
J 

where (5j are invariant polynomials with 

agh(/3j) = 1-1, deg (A/) = 4, (272) 
and e J is the same notation like in (|267|1 . Inserting (|267|) and (|271|) in (|265|) one infers 



± ( Sa J + *Pj) e ' J = -7 (ai-i + Yl f 3 - 1 ^ - 5ai - db i-ij 



(273) 



where e J has been previously defined via the relation (|162j) . Since the left-hand side of (|273|) is a 
nontrivial object from H L (7), the equation (|273|) implies 

5aj = -d(3j for all J. (274) 

The relation ()274|) shows that the invariant polynomials aj belong to the space Hj (5\d). As / > 5 
by assumption and Hj (5\d) = for / > 5, it follows that all the invariant polynomials aj are trivial 

aj = 5X 5 I+hJ + dXj tJ , (275) 

where A| +1 j are 5- forms of antighost number (7+1), while Xj j are 4-forms with the antighost 
number equal to I. Theorem IB. II then ensures that we can also take A| +1 j and A| j to be invariant 
polynomials, and thus aj are in fact trivial elements of iYj nv5 (5\d). Replacing (|275|) in (|274l) and 
using the relations 5 2 = and 5d + d5 = 0, we deduce that d (^—SXj j + (3j^j = 0. Because both A) j 
and (3j are invariant polynomials with strictly positive values of the antighost number and with the 
form degree equal to 4, Theorem I A. II yields — 5Xj j + j3j = dXj_ x j, where Xj_ 1 j are also invariant 

polynomials with agh ( Aj —1 A =1 — 1 and deg ( X 3 I _ l j j = 3, such that we can write 



0J = SXjr + dX 3 j_ 1 r. (276) 
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Substituting (|275j) in (|2f)7jl . after some computation we get that aj is expressed in the form 
ai = J2( SX I+i,J + dX U e ' = 



± E x5 i+i,jA + d ( ± E A t eJ ) =F E ( A li deJ ) • ( 277 ) 

V J / V J / J 



Due to the fact that <ie = 7e and j\j j = 0, we consequently have that 

a * = s (± E A / + w eJ ) + d ( ± E A 1^ J ) * 7 (e a 1^ j ) • ( 278 ) 

In a similar manner, with the help of the relation Q276|) inserted in Q271JI . we arrive to 

bl-l = s (± E X hA + d (± E A ?-W eJ ) T 7 (E A /-M gJ J • ( 279 ) 

Now, if we simultaneously perform some trivial redefinitions of ai and of the 'current' like 



a'j = ai — s 



(± £ Af +1>J e^ -^±E A li eJ ) > ( 28 °) 
b\_ x = bi- x - s [± £ A* ^ " d (± E A ?-i, , (281) 

and, meanwhile, fix a/ and from (|267|) and respectively from (|271|> as 

5/ = i^Af^e- 7 , (282) 
J 

6/-i = ±E A "-w gJ ' ( 283 ) 

j 

then both and b' I _ 1 become equal to zero. Reprising now exactly the same procedure like before, 
but for the antighost number equal to (I — 1), we find that we can take ai-\ = = 6/_2 by trivial 
redefinitions only. The elimination procedure stops at k = 5 in the tower H263|) ~ (|266|) since for k = 5 
we cannot pass from (|274|) to ()275|) as (5\d) / 0. In conclusion, we can replace with = by 
trivial redefinitions for all k > 5 in the tower H263|) - (|266|) . such that the first-order deformation can 
always be taken to end at / = 5 (formula Q67JI ). with 05 from H (7), 705 = 0. Furthermore, the above 
arguments show that 05 can be assumed to involve only non-trivial elements from H mv (S\d). 

D Solution to the 'homogeneous' equation ( 1751) 

In the sequel we consider the consistent interactions that do not modify the original gauge transfor- 
mations, which are solutions to the equation 

7«o = d,JS, (284) 

where ao has the ghost number and the pure ghost number equal to zero. The solutions to this 
'homogeneous' equation come from a\ = 0, and hence they bring contributions only to the deformed 
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lagrangian density at order one in the coupling constant. We maintain all the hypotheses introduced 
in the beginning of Section 0] (smoothness, locality, etc.), including the condition on the maximum 
derivative order of clq being equal to one. There are two main types of solutions to this equation. 

The first type, to be denoted by a' , corresponds to j'q = 0, and is given by gauge-invariant, 
nonintegrated densities constructed out of the original fields and their spacetime derivatives, which, 
according to Q51j) , are of the form 

a'o = a' ([F A }), (285) 
where a' may contain at most one derivative of the fields. The sole possibility that complies with all 
the hypotheses on the interactions mentioned before is 

a' = M(cp)+N (<p) 8^, (286) 

where M ((f) and N ((f) are smooth, arbitrary real functions depending only on the undifferentiated 
scalar field. The second term in the right-hand side of (|286|) is 5-exact 

N(<p)d ll H'> = 6(N(<p) <p*), 

and hence produces trivial interactions, that can be eliminated via field redefinitions. This is due to 
the isomorphism H k (s\d) — H k {^f\d, Hq (<5)) in all positive values of the ghost number and respectively 
of the pure ghost number which at k = allows one to state that any solution of the homogeneous 
equation (|284|) that is <5-exact modulo d is in fact a trivial co-cycle from H° (s\d). In conclusion, the 
only nontrivial solution to (|284|) for j'q = is represented by 

a' = M (ip) . (287) 

Although this solution does not contribute to the deformed gauge transformations of the interacting 
model, however it is important since it is involved in the consistency of the first-order deformation, as 
we have seen in the subsection I4.HI [see formula (|74jl] . 

The second kind of solutions, to be denoted by Oq, is associated with j'q ^ in (|284|) . being under- 
stood that we discard the divergence-like quantities and work under the hypothesis on the maximum 
derivative order of the interacting lagrangian being equal to one. Then, cl'q can be decomposed like 

af nt) = uj + ui (288) 

where (wj) i=0 1 contains i derivatives of the fields. Due to the different number of derivatives in the 
components u>q and u>\ , the equation (|284|) leads to two independent equations 

7 w = d M m£, (289) 

7Wi = d^. (290) 

Since ujq is derivative-free, we find that 

» x ( 291 ) 

+ ^(Vh) + ^K^)- 

The right-hand side of the last equation reduces to a full derivative if the following conditions are 
simultaneously satisfied 

9,(^=0, if £0-0, fltC^-O; (292) 



[8iFi) =v - ""\ba;j = "' ^\am) 



36 



Since neither of the functions present in (|292|) and (|293j) on which the derivatives act contain spacetime 
derivatives, these equations possess the solutions 

^--c ^.-fc" -^°--c (294) 

- kT 9UJ ° ~ c (295) 

where c M , k^, c^ u , k^ v , and c^p are real, non-derivative constants, the last three sets being completely 
antisymmetric. Since there are no such constants, they must vanish, and therefore we have that 
ljq = luq (ip), which is nothing but the most general solution to ()284j) for j'q = 0, given in (|287|) . In 
conclusion, there is no consistent solution to the equation (j284j) for ^ that contains no derivatives 
of the fields, so we can take, without loss of generality, ujq = in the expansion l|288|l . 

The last step is to determine the consistent solutions uj\ to (|29()|) for ^ with just one spacetime 
derivative. In view of this, the general representation of uj\ is u± ([</>], [H 1 *], [B^ v ], [A^], [<^,], [K^p]). 
However, one can always move the single derivative present in u>\ to act on all the fields but <p, so we 
will work with 

ux [H^] , [UH , [Afj] , l^} , [K^P]) . (296) 
Taking into account the definitions of 7, we obtain that 

+ ^ H»,-r') + gj^j (- 3 w>) + 

By successively moving all the derivatives from the ghosts, we observe that the right-hand side of 
(|297|) reduces to a total divergence if 

<v(^)-°- d ^)-°- < 298 » 



The general solutions to the equations (|298|) and ()299() arc 

j£ = V>, £ = ^=V^. Poo) 

£ = jsk = W POD 

where in our case the functions -D, -D^, D^, E^p, and -E)^ depend only on the undifferentiated 
fields, with D^ u , E^ up , and completely antisymmetric. In order to analyze the structure of these 
functions, it is convenient to introduce an operator N that counts all the fields excepting ip 

$a = (H^A^B^^^K^P) , (302) 
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and their derivatives, defined through 

^ = E(V-^ aD ) a(fl 9 ^y (303) 
fc>0 ) 

Then, it is simple to see that, for every nonintegrated density x depending on $ a °, their derivatives, 
and the undifferentiated scalar field ip, we have that 

where j„ are some local currents. Let x be a homogeneous polynomial of order k > in the fields 
<3> a ° and their derivatives. Then, it follows that 

N X (k) = k X (k) . (305) 
Using the solutions ((50Uj) and (j5UT|) in (|3"Mf>. we get that 



(306) 



At this stage, we decompose u)\ under the form 

Ui = 



2><*>, ( 307 ) 



k>0 



[the value k = is excluded due to the fact that we work with u\ like in (|296j) ]. where N acts on the 

(k) 

component uj\ via 

Nu[ k) = ku[ k) . (308) 
Substituting (|308|) in the expansion ()3U7[) . we infer that 

Nu 1 = J2 ku >{ k) - (309) 

fc>0 

Comparing (|306|) with (j309j) . we conclude that the decomposition (|307|) induces a similar decomposition 
with respect to the functions D, D^, D^", E^ u , and E^ up , i.e. 

D = Y,D {k - 1] , = ^ k ~ l \ = ^£>(fc-i)/^ (310) 

fc>0 fc>0 fc>0 

= J2 E^- l \ E» vp = £ (fc ~ lW . (311) 

k>0 k>0 

Inserting now the outcomes (|310|) and (|311|) in IfMOfij) and then comparing the corresponding result 
with (|309|) . we deduce that 



,(*) 



k V 2 



(312) 
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Putting together the relations (|312j) for the various values of k like in (|3()7|) . we are able to reconstruct 
oj\ like 



1 



-Dd^H* + -D^d [p A v] - 2D„d v B^- 



(313) 



where 



k 

k>0 

E -V-*-£ (fc - 1} 

fc>0 



k>0 



^ k 

k>0 



^ k 

k>0 



It is clear from the definitions of 5 that (|313|) is in fact 5-exact modulo d 

u x = 8[- (Dip* + D^B% + 2D p A*» ~ E^K; up + 3^*^)] + 



(314) 
(315) 

(316) 



By virtue of the above discussion on trivial interactions, we can state that tu\ is trivial, and therefore 
we can take uj% = 0. 

In conclusion, the general, nontrivial, consistent solution to the equation (|284|) takes the simple 
form 

d = M (if) . (317) 

E Some notations made in the body of the paper 

The various notations used in (1761) are listed below. Thus, the objects denoted by and ( X^) 

V /a=0,5 

I (0) = -2r/, (318) 



are expressed by 



X, 



(i) 



C pu P Xa + g* C ^ x + K*C^p) + 6 UV C^ 



(319) 



X 



(i) 



+ {c%pC - q pu c p] - h(^ up] ) + (c; u c - h( p c u] ) c>» 



(320) 



X. 



(i) 



{ 



+ 



+ ( H i c t P f - H ip H tc p] ) + h;h;cc^} , 



QpupXj_ 



(321) 
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X 



(1) 



* | J_J * y^f * X^f* 



/~1 TT* TT* f~1* /~1 



-h^h;h* p 4> X(7] ] + (h^h;c; x] c - h^h;h;c x] ) c^ x + 



x 



(i) _ 



x 



(i) 



5 (2C Xa C -H* x C a ) C pupXa + H* x CC pvpx 



4H*H*H* p H* x H*CC pupXa . 



The notations 



(Xa 2 "* ) _ signify the functions 

V / a=0,5 

4 2) = 4 { (v^C + r,l„ pX C a] - V l up ^ X(T] + Wl„K; Xa] 

-\ A \i£lp\a\ + \%upXaV) Vt 



uvpXa 



+ 



V*p,upxC + ^/A] - B [nv<t>pX] + I (^[M^pA] " S* upX v) 

+ fa p C + Bl v C p] - \A {p 4> M - lK; upV ) rT" ~ ri*vC- 

-a; (a p c + v c p ) + (b; u c + \a [p c v] - \^) b^} , 

x[ 2) = 2 { [C; upXaV C + 5C* pupX (A a C + V C a ) + 20(7^ {B* Xa C + A x C a - ifarj) + 
+ (rf pXa C + B* [pX C a] - ±A [p 4> Xa] - fi^r?) + 

+10H* (vtpXaC + rf [vpX C a] - B^ p( f> Xa] + 3A [u K* pXa] - \Ql pXa r) 
+ K up xVC + 4c; up {A X C + r,C x ) + \2c; v {B* pX C + A [p C x] - ±# pA ) + 

+sh; (nt pX c + b* [up c x] - \a { a pX] - iKpxv)} t vpx + 
+ [c; up vc + 3C% (A p C + V C p ) + 6H* p {b; p c + \ (A [u C p] - <p upV ))] rr p + 
+ [c; uV c + 2h; (a u c + v c u )] + 2h;a*» v c} , 



^pupXa_^_ 



X. 



(2) _ 



2 { [{Kc; pXa] + c^c; Xa] ) v c + 5 (h^c; pX] + (a^ + v c a ) + 

+ 2o^;c: p] (B^C + \ {A [x C a] - fan)) + 
+20H;h; (ri* pX(T C + Bf pX C a] - \ (A [p 4> Xa] + 3K; XaV ) / j 
%Ct pX] + C^C; A] ) + 4H^C; p] (A X C + r?C A ) + 



+ 



+12^: (i - pA r,) + B* pX C)] 

h* p c; p] vc + 3^*ii: + r?c p )] ^ + h;h;b^ v c] , 



X 



(2) 



2 { [{Hi P Hic; Xa] + H^c; p c* Xa] ) v c + 5h^h;c; x] (A a c + nc a ) + 
+2oh;h;h; (i (a [a c ct] - ^ + b^c)] ^ Act + 



+ 



h{ p Kc; x] vc + 4h;h;h; (a x c + r,c A )] r?^^ A + h;h;h; v c v ^} 
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x 



The elements 



(2) _ 



2oh;h;h; 



(C* XaV C + \H* X (A a C + V C a )) ^ pX ° + ±H* xV C V ^ px 
) = 2H*H*H*H* x H; V C^ upXa . 



(xP) _ 

V / o=0,5 



read as 



= 12 



C*C + 2C*C P + 20*„<//" / 



2k; vp k^ - 2g* ai/oX g^ px ) c+ 



pup\- 



+ 2 (G* { ^C a] + K^ p <t> Xa] - Gl vpXa c) g^ pX °+ 

+2 (K^ p C x] + ^ [m ^a p] ) G^ pX + 2 {-p^CpC + K^^Cp) 



X 



(3) 



{ 



+ 



+ 



C*,^C - 20^^] j c - 2oc; up (<p Xa c - C x C a ) - 
-mc; v {K* pXa c - lcp [pX c a] ) + 
+soh; (K* [upX c a] - g; pXa c + \4> { „ P ^] Q" upXa + 

-i2H;(K; pX c-l<f> Wp c x] )] g^ pX + 



c l V pC - 2Cr* C p] ] C - 3H* (4> up C - 4:C U C P ) 



'\flV 

-3 [C^^C + H* (C* P C + 2^ V C V )\ C) , 



x^ = 4 { [(h^c; pX(7] + c^c^]) cc - io (^;c: pA] + q pu c; x] ) c a c- 

-2oh( p c; p] (4> XtT c - c x c a ) - goh;h; (k; X(7 c - lc [p <t> Xa] )} g^ pX °+ 



+ 



%c* upX] + q pu c; x] ) cc - i2H^c; p] c x c + 
+i2h;h; (c p c x - <p pX c)] g^ pX + 
+ (%c; p] c - w;h;c p ) k^c - 3h;h;^cc] , 



(329) 
(330) 



(331) 



(332) 



(333) 



X$» =4 



X 



(3) _ 



H [p H iy C pXa] + H [p L vp L Xa] ) C ~ 2H [p H uCp\C a] - 

-2oh;h;h; (^c - c x c a )] g^ x °+ (334) 

+H* [p HlC* pX] g^( ,x CC + H*H*H* (K» vp C - 8C A £^ pA ) <?} , 

H( p H;H* p c* Xu] ccg^ pXa + h*h;h*h* x c [cg pupx - ioc^ 1 ^)] , (335) 

X^ 3) = 4H*HZH*H* x H*CCg^ upXa . (336) 
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The quantities ^xd 4 ^ 



mean 



0,5 



(4) 



12e 



a/3jSe 



-I (vU P x^ upXa + v% P ^ upX + 4„X up - 
+ (H»p^ vpX - U» P K pup - 



(337) 



(4) 



12e 



a/3jSe 



l(-%v; P x^ pXa -H^ VupX]r 
-KK P \^ vp - h; a *"v - hKM BPU ) 8*0*+ 

+ \(K< P ^ upX - H l B M K ' up - 

+ 2 (-f^^g^ - \HIA V] K^ - H^v) *XaVWe+ 
+\HlKP v P<j ua a pm&£ ] , 



(338) 



X^ ] = \2e a ^ Se 



;m + K h ^W\)^ p + 

+ (ci pu b; x] + h^h;b; x] ) v p^+ 

+ \{ciA P] + Hl P HtA p ^^p+ 
+\{c; u + h;h:)bp^] g af3jS£ + 



p] ) ^ upx + 



+ \ [3 (cp^i + %kb;^ g^ px - 



c^ u a p] + fr r *,frM„i ) ^" p + 



mc; u + H;H;)j>*p" v ]r, af 3 jS£ 
-\ {c; v + h;h;) K^a^^} , 



(339) 
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4 4) = ***** {" [{ci» P B U + C^H;B* Xa] + H^H;H* p Bl a] ) rT^+ 

+ \ (c*, v h;a x] + h{ p h;h;a x] + c^ p a x] ) v ^ x - 



-\ { C; up + C^fl* + H*H*H* ) rf vp r] 



'[jXV p] 



Gaf3y8e + 



pvp\ 



+ 3 [(^A] + ci v h;a x] + h^h;h;a x] ) g 
- (c; up + q pu H* p] + h;h;h;) k^ v ] W e+ 



X 



(4) 



-2e ! 



c, 



[^pA J 



[fiu p\ 2 



+C( pu H* p H* x A a] + H( p H;H* p H* x A a] ) r,^+ 

^°pz/pA + ^i/p^A] + U [pu U p\] + 

+c*^h;h* x] + h;h;h;h* x ) rrH g aM&£ + 



+ ^ u p^pA + ^p^p^A] + [p^°pA] + 
A 5 ~ 2e { C pvp\* + C {pvp\ H a]+ C lpup C \cT}+ C lpup H \ H a} + 

+ q;,^^] + c{ pu h;h* x h; ]+ 
+h;h;h;h* x h:) v^vG^s- 

The components ( X a 5 M _ are given by 

V /a=0,5 

^o 5) = 24e a/37<5e (-\C*C a p lSe + ^C^C^] + ^j^C^fe] - 

x ( 5 ) = 12e ^ 7fe [(^c^Ca^fe - Ih;h^ss) + 

+ 2a pQ (-b;^ + \H;c^g Pl5e ) - 

-H*^C m pK 1&£ \ , 

x (5) = 12e ^ 7fe ^ + w) (fVCafrSe ~ ^^fe) ~ 

- (C* pu + fl^) a pa {K^CfrSs + C^^fe)] , 

4° = - 4eQ/37fe [(^ + q^s + w^;) >< 
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X 



(5) 



-4e 



a/3^/Se ^ 



+h;h;h;h* x ) (g p - px c a ^ 5e + c^ px g af3jS£ ) , 



x 



(5) 



'[pvpX n u\ 



[pup Act] 



+ fl* TT* I /_/ 7_T * T_T* I 

C [pu C pX H a] + C [pu H p H X N a] + 

+h;h;h;h* x h;) c p » pX °g aM&£ . 

The terms denoted by ( X^ ) _ are of the form 

V /a=0,5 

x (6) = 2Ae aWe ^ 2 g; upXa g p ^ + ^ pA ^ A - c*c- 

— j2Kap 1 £8p.vp\G tlVp) ^ep' V > 'A'^ " P A + 
+ ( t ) *aP K ~l5sC - ^C a e l 3 1 ^ l/p K p ' up eSep' l/ 'p'K^ v p 

+ ^ (2h;^c - h^c v] k^p) g Pl&£ + 

+ ^H^Cep^^pK^eseu'v'pfK^ v p - 

-h H [a < t > P"i\ e Snvp\Q liVpX £e l i!v' p'X'G^ " P A 



+ 



x (6) = Me ^se | j| ^ Crf + h ^h;c p] ) + (c^ + h;h* u ) 

vpXu _|_ 



X 



(6) 



-8e' 



+1 [ClJpX] + %HtM) 

-a pa {c; u + H;HZ)K^g^ £ - 

_ MT [p[ap C l\ + H [a H P C l\) € &pvpxG PUpX £ep'v'p'X'G P UpX 

'{c; vp + c^h; } + H*H*H*^j K ^cg a ^se+ 
+ {ci up a x] + ci u h;a x] + 

+ci v H;A x] +HiHtH;A^) g^ pX g aPl5e - 

~T2 {p[a(3 C i\ + H [a H f3 C j]) ^pvpxG^^^ep'v' p'X'G 1 " Vf>X 
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x f) = Ae a(s,se [(ci upX c a] + c^ vp H* x c a] + c^c; x c a] + 

+c*, u H;H* x c a] + H^H;H;H* x c a] ) g^- 



(~1* 



C* IT * I X~Y* X~Y* I 



+c^ u h;h* x] + h;h;h;h* x ) g^ x c] g aPy5e , 



Y"(6) /j ol(3^/5£ ( ri* I /"(* rr* i /^i* /^»* i /^<* tt* it* _j_ 

+ c^c; x H* a] + c^h;h* x h; ]+ 
+h;h;h;h* x h;) g^g aM&£ . 



pieces 



are 



UP) _ 

\ /a=0,5 

x (7) = 3 _ ea ^ss (-\Q* a ^ e cc + g{ aPl5 c £] c + k^ S£] c- 



(7) _ 3a,3 7 <5e 



CC + H [a K (3j6 C s] C - 



X. 



(7) _ 1 a/3 7 <5e 



v( 7 ) _ l,a/3 7 fe 
^3 — 5 £ 



C* /"f /""Y , /-~Y* TT* f"1 i U* U* TT* /^i /~1 \ 



c, 



v(7) 1 ^a/3 7 5e / /"i* /"< , ,^y* tj* r 1 i /"<* z^* /"< i 

^4 - ~T0 e ^°[a/3 7 5 U £] + °[ a ^ a i°e] + L >/? G 7 5 L '£] + 

I /^Y* J_j * TT* r^i I Z_J • T_T* ZL7 * TJ* f^i \ f~ 1 

vCO 1 _a/37<$£ / , s~i* rr* , /-t* /^f* , tt* tj* i 

A 5 - 30 £ ^°a/37& + ^[aP~/6 U e] + U [a/3 T W£:] + L/ [a/3 7 - H 5- H £ ] + 

, t~t* s~i* tt* i /"i* 17* U* i U* U* U* U* U* I C C 

+ C [a/3 C y8- ti £ ] + C [al3 H l H & H e\ + H a H /3 H j H 8 H e ) GOO. 
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Finally, the coefficients ( ) are given by 



y(8) _ 1_ 

^0 — 200 



a=0,5 

60 (c*g al3 ~ fS£ - ^c* [a g^ Ss] + i^k^ g a ^ss+ 

+ ^ea^ P A^ P V'^A^ VVA '- (361) 



+ £ (c* + fljff*) (-iK^gft** + ^g^) g Q ^ S£ , 



4 8) = m + cfosq + Khih;) g^e^g^e^^g^'^' - 

1 //"<* i tt* I if* rj* tt* \ TsuvpnaB^iSen 



A 4 — ~20 V^iivpX + ^[/xz/p-^A] + U [pi/ U pA] + °[pi/- H p- H A] + 



K — — fin ^ujjnXrr ~T Or,„. n xi3 j "f- ^[,,,,„1>\J T Ur,„.„XZ \ O. i -f- O[„„0„\fl„lt 



(362) 



(363) 



(364) 



(365) 



(366) 



5 60 y^pvpXa T" ^ J lpvpX 11 o] ~r ^{jivp^Xa] ' ^[/ii/p 11 X 11 a] ' ^[pv^ pX 11 a] ' 

+c^H* p H* x H* a] + h;h;h;h* x h;) g^g^g aPl&£ . 
F Commutators among the deformed gauge transformations 

We have seen in Sec. 03 that the terms of antighost number one in the deformed solution to the master 
equation (f%5|) provide the gauge transformations (|9l) |) -([95 j) of the interacting theory. On behalf of 
these gauge transformations we are able to identify the nontrivial gauge generators of all fields. In 
terms of the notations p4 j) -(|18 |) and taking into account the values (|2U [) -(|21j ) of the BRST generators, 
we observe that the terms of antighost number one appearing in the deformed solution (|88j) may be 
generically written like ^% Z a ° 1 rj ai in De Witt condensed notations, where the functions Z a ° 1 are 
the precisely the gauge generators of the deformed gauge transformations. Identifying the functions 
Z a ° for each BF field, we initially display the concrete form of the nonvanishing, deformed gauge 
generators. In this way we determine the gauge generators of the one-form (written for convenience 
in De Witt condensed notations) like 

(Z» A) ) = (Z» A) ) = d», (Zf A) ) a = -2gW 2 (<p) 6£, (Z{ A) U 7S = -2gW 6 (<p) a^e ua ^ s , (367) 

while for the other one- form, H^, we can write 

{Zf B) ) a p = -D {a S^, (368) 
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(369) 



Z (H) 



(zQ^ = -g to 5^ + 3^ to K^e vpa ^ , (370) 

(371) 



2 ( ^ M + 3^ fc) ) - ^ („) e-^ A 



(^fe)a^ = 5 {lf) 5 ^ A ^ S] + (lf) K " UPA » £ ^ + 2 ^ ^ • ( 372 ) 

There is a single nontrivial, deformed gauge generator associated with the scalar field cp, which reads 
as 

(Z (v) ) = -gW 1 ( i p). (373) 

Along the same line, we obtain the nonvanishing gauge generators of the two-forms B^ v and cj)^ of 
the type 

(Z^U, = (Zg)^ = -\d [a 5^ v (Z^U = -gWi to fi^fy, (374) 

(Zfc ) afhS = g (W 3 (if) d^J^s] + 12^4 to K» v »E paMS ) , (375) 

(Z^r = g (6W 3 to K^ a - W 5 to e^ pXa 4> pX ) , (376) 

(Zgp a = (ZgJ) = 3 5 (W 3 to ^ + 2W 4 e^K pXa ) , (377) 

(ZgJ) a ^ = 3<7W 6 to e^ 7 , (ZgJ)"^* = -65W4 to ^e^^" 5 . (378) 
Finally, the three-form K^ vp displays the following nontrivial, deformed gauge generators: 

(z^u~ ( 6 = - WS« (^P Q = M ^ upXaA ^ ( 379 ) 

(Zp = <7 (-3Wa to K^p + \e^W h (tp) Aff ) , (380) 
(Z^U, = -\gW 2 to «f a ^. (381) 

Maintaining the condensed notations introduced in the beginning of this section, we observe 
that the deformed solution (|88|) contains pieces of antighost number two generically written like 

(l^aiC^ft-n - \ M pi?ya ^*p ) VN 71 - The coefficients C* 1 ^ and represent the deformed 

structure functions of order one corresponding to the gauge algebra of the interacting theory. These 
structure functions determine the type of gauge algebra via the commutators among the new gauge 

transformations: Z%^ - Z%^$- = CP 1 aiPl Z% + M£ * J^. Thus, if at least one coefficient 
is nonvanishing, then the gauge algebra is open, or, in other words, only closes on-shell. In the 
opposite situation the gauge algebra is closed, but it may be Abelian (all the functions C~ fl a a are 
vanishing) or non-Abelian. After analyzing all the terms from the deformed solution to the master 
equation that contribute to the gauge algebra relations, we are able to write the expressions of all 
commutators corresponding to the interacting BF model. In order to keep at minimum the number 



dW A , . „„„„ . dWa 
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of these relations we omit the Abelian commutators from the list. In this manner we obtain some 
nonvanishing commutators involving the gauge generators of the one form like 



R( 7 

(%)) = -3gW 3 (Z{ A) ) a - \gWse" e ^ T G Ta {Z» A) U^ (382) 

(Z M ) ^ = -GgW4e afh sr,<T r i u (Z[ A) ) u + 3gW 3 (Z» A) ) aPlS , (383) 

[Z {A) ) a p 7 6— j^, {Z {A) ) 3 gW 3 d [a d p d> o s] {Z {K) ) a ,py, (384) 

~ uj fi(Z( K ^)o<piTT S(Z^ K ^) a p-yS ^ a' 0' ' ~ [ivp 

{ Z (A))a0i8 J^L ( Z (A))6<pnT = 3 9 W ^[ a 5 p S j £ 5]e<pirr { Z ( K ) )a'/3' 7 " ( 3 85) 



siz^py s(zz p ,) a 

^(A)T^- ~ ^(A)f^~ = \9Wse*** * - (Zfflw, (386) 



1 dW 3 5S 



dtp 5H- 



7 S [Jm > ( 387 ) 



5{Z^) a K Z (kX K Z <Z) K Z (Z) 

(?u> \ V \ K )' i (v \ y \ K )' ( vwO-K\a V K K )' (7w0\a V \ K ) J _ 

= -^^^(Zj^Vw " SgW s SZ(Zffi)°< - 9^-^7^ paa ', (388) 

" = 3^5^ W (^; ) ) aW , (389) 

( Z f A ))af3yS ^ (^(A))^7rr ^ = 3^4^^ <EJ ^^(^Wy' ( 3 90) 

i^r^^^r 1 - ^ = ^W^^d?^)^, (391) 



= -SgW 3 S^(Z^) a/ - yw 5 s aa/ ^(z^r'^' s ' + 

SS_ _ _5S_ 
Sip \5H^ a 5H U 



, (302) 
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( - ^-e^A . (393) 

Other nonvanishing commutators implying the gauge generators of the fields ip and K^p are given 

= -3gW 3 5«,(Z^r' + a^JF^^)^ - 

-ij^'^)^ - I^^V^,^^,, (394) 



(yuthty ^(B)W S(Z(B)) a ^S _ 



(395) 



-G^^/W^r' + e^^e^fa^^CZ^J^y, (397) 
+ (Z W )a ^ ^ = 29-^S [a S fi <5 7] (Z (B) ) a ^, (398) 

= yw^sp^z^p,,, - y^sf^'s^iz^, - 
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y Z {K) W 8K ^ + ^ Z (0) W JZ7e 29-j- <V/3 £ 7<5]^?a z (s) W, (400) 



2 ^ dy> 

£(2^)0 <5(^0^ <5(^m) Q &{Z?mY 

Finally, the remaining nonvanishing commutators that involve the gauge generators of the field 
are expressed like 

6(Z? m ) a 5(Z?„T $(z?„T $(z?m) a 

6(Z? m ) HZ? m ) $(Z? m ) 

V.fZl* W MZ^^'P'f^ N *~ dW * ^ 



W ^ y dip ~ V"(H)>«P dip H 



<H^m) 

-6gW 4 e a e lSa ,(Z{ H) r' + 6g^e aPl5£ K™'e\z{ H) ) a , p , - g^^^^L - 
l dW z p , 5 , 6S dW A 6S 



d 2 W 4 5S , a , 

- l29 ^iw K £a ^'> (403) 
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<5(^ m ) a <5(^) a <*(^7m) a <*(^n) a 

5 dp 5 V 8H*' p ' 1 j 

^ J(Z( H) )af3y6 6(Z^ H) ) a/3jS 5(Z» H) ) a p lS 8{Z» H) ) af}l5 

J^L l z (B)J J^Te {^(K)) dKuj67T l z (<«) J^Te ~ 

dW 3 5S , B > d 2 W 3 SS a , B > 

~ 9 dp 5B*W 5 ^ 5 ^ % ~ 9 ~d^~W^ 5 S\ ' (405) 

<*(^n) e <H#m) £ *(^m) e 



= * 9 ^i S l" S P S ^ Z (H))«'P'+9 d(p2 SH a> S [a S P S y] > ( 407 ) 

_,^x ^ e 5(Z{ H) ) afhS _ 

dW§ n i gi . ~ u . d?W% 5S u n i , , 

= -9-^ S [Jp ^5\wd Z (H))«>pi + 9 d(p2 SHa ' % 6 v £ (]^iS, (408) 
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+ ^)Jo^yi 1 Z (A)Wt ^ \ (B) ) L P r l( T ^9 

- 2 ^SwW' S ? £ ^ ~ 2*^ J^#< e% * T . (409) 
G Reducibility of the interacting model 

In what follows we focus on the reducibility functions and relations corresponding to the resulting 
interacting BF model. In view of this we maintain the condensed notations introduced in the Appendix 
iFl and observe that the deformed solution (|5H)) contains pieces of antighost numbers k = 2,3, 4, 
generically written like 

k=2 

where C2 = |, C3 = — 1, and C4 = 1. The functions (Z ^ 1 ) k=2 3 4 represent the deformed reducibility 

functions of order (A; — 1) and the above terms produce the reducibility relations Z^^^Z ^ 1 = 

Cak~ 2 ^°j^; OI * order (k — I), with k = 2,3,4, associated with the interacting BF theory. If at least 

one coefficient Ca^ 2 ^ is nonvanishing, we say that the reducibility relations of order (k — 1) take 
place on-shell, while in the opposite situation we say that the (k — l)-level reducibility holds off-shell. 
In order to keep the number of relations at minimum we completely omit off-shell reducibility relations. 

Analyzing these kinds of terms, we obtain that the deformed first-order reducibility functions 
(k = 2) read as 

(Z 1 ) = 2gW 2 (<p), (Zt )„ vp xa = -2ge^ pX aWe (p) , (£{*)=£>(-> (410) 

(£f W = GgeafrSeWt M A", (Zf r ACT = -3ge^W 6 (</>) , (411) 
(Zf) Q/37 = -\D { J^ (Zr) = 2gW 3 (cp) - \gW, (</>) e^ A > ACT , (412) 

^) = ~9 (?) ^ - 3 fo) - ^ fe,) A p ) , (413) 

(ZnafhS = h M <^7*] + 6 ^T ^ K^pofhs) > ( 414 ) 



x(6^(^)K-A p -^M^)), (415) 
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@D*fh = \gWi {#) tiffin = (zrUys, 

{ Zr X ) = -kgW 6 (v>) e^A a , (zr X U,s = \ 9 W 2 fo>) 
on-shell, first-order reducibility relations are given by 

{ Z (A))( Z l)o>P'y8e + ( Z (A))^'( Z 1 )a/3 7 fe + 



+ (Z (A - ) )fj,'u'p'X'(Z 1 )a/3 7 fe — ~ 2<?£ Q/ 3 7 5, 



(A) JU V frX V I jap-yd£ — ^y^apjde ^ ^ , 



( Z (B))oc'P'( Z l 13 ) af3y + (Zg^^/y (Z* ^ 7 ) a/37 = ~g ( ^J]f 6 la d P 6 ^ 



( Z m))a'( Z l ) a f3y8s + { Z m)) a' /3' {Z™ ^ ) a f3 y Se + {Z^) a ' /3'-y' { Z \ ^ 7 )af3y6s + 



{B)' a V ~1 Jap-yde i ^(gj/a'p-^i Jap-yd£ i V~(£) 



(ZjjXZx) + (Zj^Zf ) + (Z^^) + (^^(Z^ 5 ) 



V Z (^)V/3' 7 ' V Z 1 jQ/3 7 5 + (^ W Ja'/3' 7 "5'( Z l Ja/3 7 5 + V Z 1 J<*/3 7 5 



= - S9 ~d^m 6 ^ ***** 
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(Zty))a'(Zl )a/3 7 fe + a' P'^'i^l ^ 7 )a/3 7 fe + (Z^ ) a '(3> 1 >5' (Z" ^ 7 * )a/3 7 fe + 

HZ&XZJafH* = 125 (w,^- + ^ J^W) e a ^ £ , (427) 



(^)(Zx) + [ZffiUZ?) + {Zffi^iZ?*) + (Zjj^)^(^) = 

■ I _ 

'5B X ° dip 5H X 



(Z^) a ipiy(Z" 7 ) Q/ 3 7 5 + (Z^) a ipiyi8'(Z" 13 7 5 ) Q/ 3 7 s + (Z^)a'(Zi ) a/ 3 7< 5 



k^^M<%Y (429) 



(Z(jq)a?(Zi ) a /3-fSe + (Z^))a'/3'l'(Zl 7 )a/3 7 fe + )a'/3'-y'5' {Z™ 7 ) a/ 3 7 fe + 



(Z( H -))a'/3'(Zi )a/3-y8 + (Z( H j) a 'i3'y(Zi 7 )a/3 7 5 + (^[^) )a' (-^f )a/3 7 5 + 

+ 5^«^ 5 & Wfl + 5^; £ ^' ^ 433 ) 
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(^(m)(-2a)a/?7<5e + (^(fn)a' (^1 )af3~/6e + (^(ij))a' 'P'(Zi ^ )a/3 7 fe + 
+ (-^(^-))a'/3'7'(-^r ^ 7 )a/375e + (Z( H \)a' 'P'y'S'iZ" ^ 7 ^ )a/37fe = 

In the next step we determine the deformed second-order reducibility functions (A; = 3) of the form 

(^2)a/3 7 5e = -3g£ a pySeW 6 ((f) , (Z^ Up ) a p 1& = -±D[ a 6ffiS^, (435) 

W = "5 M + ^ M «f a ■ (436) 

(Zr X )<*fh6 = -&9Wl (<P) *f a Wfl> &2 PX )*fh8e = (Zr'U-fSe, (437) 

(zr Xa UySs = -±gW 2 (<p) StfJffiS^, (438) 
such that the corresponding on-shell, second-order reducibility relations are expressed by 

(Z^)(Z 2 ) a f3jSe + (Z^a'P'j'S'iZ^ ^ 1 & )a(3y5s + {Zl)a' P'j'S'e' (%2 ^ 1 & S ) a p 1 8e = 

= - 3g ^m; £a ^ (439) 



(2T p Wv(^W + = 4s^|fW^ (440) 

7lWpX\( y \ ./nrflVpXs (yOt'P'l'S's . ( ypUpX N / ya'P'-y'S'e' - 



(Z^ VP ){Z 2 ) a p^e + (Zf^ )a'P'~j'8'{Z% 7 ) a p-y5e + {Zi VP )a'P'i'5'e'{Z2 7 £ W 7 & 
dW 2 (55 



(^l tl/ )a'/3'7'(-^2 ? ^ 7 )a/3 7 <5 + (-^("Oa'/SV^ ("^2 ^ 7 ^ )a/37<5 



, / </ 2 lb (55 , JIT; (55 \ 

{Z^)(Z 2 ) af3y Ss + (Zi' / )a>f3>~f'S>e'(Z 2 ^ 7 5 e ) Q , | g 7fe + (Z!f) a ip>y(Z% ^ 7 ) Q/ 37fe + 

. ,^iiv, t^p'i&\ 1 / d 2 W 2 (55 cM" 2 <55 \ M A 

+ (£f )a'/3' 7 '5'(^2 W 7 fe = 4^ I dy 2 ggp ^ + ^ 6RpX(7 I ^W^] " 

/ dW 6 55 d 2 ^ 6 (55 A 

" % I " -tylm* J £a ^- (443) 



55 



In a similar manner we obtain the deformed third-order reducibility functions (k = 4) like 

(Zr'UiSe = -^DfrSffiSffi, (Z^U.Se = ^gWt (ip) 6^6$%, (444) 
together with the accompanying on-shell, third-order reducibility relations 

\ )a'/3'YS'{^3 )af3~f6e + {^2 )a' P'-y'S'e' {^3 )a/3-ySe = 

(■^2 lyP )o'/3'7'5'(^3 ^ 7 5 )af3~{8e + (%2 UP )a' /3'yS'e' (%3 ^ 7 5 e ) ct p 1 $ £ = 
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